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Surgery triad

Definition
Let 𝑀 be a compact oriented 3-manifold with 𝜕𝑀 ≅ 𝑇 2. Choose oriented curves
𝛾𝑖 ⊂ 𝜕𝑀 , 𝑖 ∈ ℤ/3, with

𝛾0 ⋅ 𝛾1 = 𝛾1 ⋅ 𝛾2 = 𝛾2 ⋅ 𝛾0 = −1.
The fillings 𝑌𝑖 = 𝑀(𝛾𝑖) form a surgery triad, where the meridian of the attached
solid torus is identified with 𝛾𝑖. Let 𝑊𝑖 ∶ 𝑌𝑖 → 𝑌𝑖+1 be the corresponding
2-handle cobordism.

0

∞

1

𝜕𝑀

gluing
←−−−

∞

𝑉 = 𝐷2 × 𝑆1
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Surgery exact triangle

Definition
Let 𝐹 assign graded modules to closed oriented 3-manifolds and module
morphisms to cobordisms. It satisfies the surgery exact-triangle property if
every surgery triad gives an exact triangle

𝐹(𝑌0)
𝐹(𝑊0)
−−−−→ 𝐹(𝑌1)

𝐹(𝑊1)
−−−−→ 𝐹(𝑌2)

𝐹(𝑊2)
−−−−→ 𝐹(𝑌0).

That is, for 𝑖 ∈ ℤ/3, im 𝐹(𝑊𝑖) = ker 𝐹(𝑊𝑖+1).

Example (Unknot)
∞

𝑆3

0

𝑆1 × 𝑆2

1

𝑆3
𝑆3

In Heegaard Floer homology over 𝔽2 = ℤ/2,

𝔽2
(1

0)−−→ 𝔽2
2

(0,1)
−−−→ 𝔽2

0−→ 𝔽2.
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Surgery generation

Theorem (Baldwin–Bloom, Culler ’14, Ni ’25)
Closed oriented connected 3-manifolds are generated by 𝑆3 using

two members of a surgery triad ⟹ the third.

Corollary (used by Lin ’17)
Let 𝐹, 𝐺 be functors from the cobordism category to the same category of graded
modules that send surgery triads to exact triangles. Suppose Ψ ∶ 𝐹 ⇒ 𝐺 is a
natural transformation. If Ψ(𝑆3) is an isomorphism, then Ψ(𝑌 ) is an isomorphism
for every closed oriented connected 3-manifold 𝑌 .

Proof. Five lemma and induction.
𝐹(𝑌0) 𝐹(𝑌1) 𝐹(𝑌2) 𝐹(𝑌0) 𝐹(𝑌1)

𝐺(𝑌0) 𝐺(𝑌1) 𝐺(𝑌2) 𝐺(𝑌0) 𝐺(𝑌1)
≅ ≅ Ψ(𝑌2) ≅ ≅
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Montesinos trick

Definition
A rational tangle is a pair (𝐵3, 𝜏) homeomorphic to (𝐷2 × 𝐼, {𝑝, 𝑞} × 𝐼), where
𝑝, 𝑞 ∈ int 𝐷2 are distinct. The annulus 𝐴 = 𝑆1 × [−1, 1] has involution

𝜄(𝑒𝑖𝜃, 𝑡) = (𝑒−𝑖𝜃, −𝑡).
Its quotient is 𝐷2, with two branch points. Thus 𝐴 × 𝐼 ≅ 𝑆1 × 𝐷2 → 𝐷2 × 𝐼 is
branched over two trivial arcs.

axis

𝑎

𝜄(𝑎)

𝜋

𝐴

two fixed points

2 ∶ 1
𝑝 𝑞

𝐷2

branch set {𝑝, 𝑞} 3 half-twists
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Montesinos trick

Proposition (Montesinos)
Rational tangle replacement lifts to Dehn filling. For the displayed crossing
of 𝐿 with the two resolutions 𝐿0, 𝐿1,

(−Σ2(𝐿), −Σ2(𝐿0), −Σ2(𝐿1))

is a surgery triad.

𝐿 𝐿0 𝐿1
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Floer exact triangles

Theory Coefficients Authors

Instanton ℤ Floer ’90
Heegaard Floer 𝔽2, ℤ Ozsváth–Szabó ’04
Monopole 𝔽2 Kronheimer–Mrowka–Ozsváth–Szabó ’07
Monopole ℤ[

√
−1] Freeman ’21, with local coefficients

Monopole ℚ Lin–Ruberman–Saveliev ’23
Monopole spectra
(𝑏1(𝑌𝑖) = 0)

ℤ Sasahira–Stoffregen (in preparation),
mentioned in Dai–Sasahira–Stoffregen ’26

Heegaard Floer ℤ Abouzaid–Manolescu ’25, with two twisted
cobordism maps

Remark
Ozsváth–Szabó and Lin–Ruberman–Saveliev choose ad hoc signs for two
cobordism maps. Freeman and Abouzaid–Manolescu use local systems / twisted
coefficients, better suited to iteration over a link.
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Khovanov-to-Floer spectral sequences

For a diagram with 𝑛 crossings, let 𝐿𝑣 be the resolution at 𝑣 ∈ {0, 1}𝑛. Iterating
the triangle gives

𝐸1 = ⨁
𝑣∈{0,1}𝑛

𝐹(−Σ2(𝐿𝑣)), 𝐸2 = 𝐻(𝐸1, 𝑑1).

𝐸2 Target Coefficients Authors

𝐾ℎred(𝐿) 𝐻𝐹(−Σ2(𝐿)) 𝔽2 Ozsváth–Szabó ’05
𝐾ℎred(𝐿) 𝐻𝑀(−Σ2(𝐿)) 𝔽2 Bloom ’11
𝐾ℎred

odd(𝐿) 𝐼 ♯(−Σ2(𝐿)) ℤ Scaduto ’15

Scaduto uses surgery triangles for twisted SO(3) bundles.
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Odd Khovanov homology

Definition (Ozsváth–Rasmussen–Szabó ’13)
For a resolution with 𝑘 circles, let 𝑉 = ℤ⟨𝑥1, … , 𝑥𝑘⟩. The vertex groups are

even ℤ[𝑥1, … , 𝑥𝑘]/(𝑥2
1, … , 𝑥2

𝑘),
odd Λ∗𝑉 .

Note that even and odd Khovanov homology agree over 𝔽2.

𝐿

𝐿00 𝐿10

𝐿01 𝐿11
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ORS conjecture

For the 𝑘-component unlink 𝑈𝑘, we have

Σ2(𝑈𝑘) ≅ #𝑘−1(𝑆1 × 𝑆2).

Suppressing gradings,

𝐾ℎred(𝑈𝑘; ℤ) ≅ 𝐾ℎred
odd(𝑈𝑘; ℤ) ≅ 𝐻𝐹(Σ2(𝑈𝑘); ℤ) ≅ Λ∗ℤ𝑘−1.

Conjecture (Ozsváth–Rasmussen–Szabó ’13)
For any oriented link 𝐿 ⊂ 𝑆3, there is a spectral sequence

𝐾ℎred
odd(𝐿; ℤ) ⟹ 𝐻𝐹(−Σ2(𝐿); ℤ).
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Main theorem

Theorem (Qiu–Y. ’26)
Every surgery triad gives an exact triangle over ℤ,

𝐻𝑀(𝑌0) 𝐻𝑀(𝑌1)

𝐻𝑀(𝑌2)

𝐻𝑀(𝑊0)

𝐻𝑀(𝑊1; Γ𝜈1 )
𝐻𝑀(𝑊2; Γ𝜈2 )

after cyclic relabeling, for suitable relative 2-chains 𝜈1, 𝜈2. Here 𝐻𝑀 is
any fixed version among 𝐻𝑀 , 𝐻𝑀 , 𝐻𝑀 , and 𝐻𝑀 .
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Integral spectral sequence

Theorem (Qiu–Y. ’26)
For an oriented link 𝐿 ⊂ 𝑆3, there is a spectral sequence over ℤ, possibly
depending on a chosen planar diagram of 𝐿,

𝐸2 = 𝐾ℎred
odd(𝐿; ℤ) ⟹ 𝐻𝑀(−Σ2(𝐿); ℤ).

Corollary (Qiu–Y. ’26)
The integral isomorphism 𝐻𝑀 ≅ 𝐻𝐹 of Kutluhan–Lee–Taubes ’10–12 proves the
conjecture of Ozsváth–Rasmussen–Szabó. The alternative route
𝐻𝑀 ≅ 𝐸𝐶𝐻 ≅ 𝐻𝐹 via Taubes ’08 and Colin–Ghiggini–Honda ’11–12 is proved
over 𝔽2, because the second isomorphism uses 𝔽2 coefficients.

Remark
Iteration first gives coefficients Γ𝜈𝐿

in the target for some integral 1-cycle 𝜈𝐿. At
𝑢 = −1, these are trivial since

[𝜈𝐿] = 0 ∈ 𝐻1(Σ2(𝐿); ℤ/2).
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Torsion and the choice of coefficients

Example (Shumakovitch ’11)
Both 𝐾ℎred

odd(946; ℤ) and 𝐾ℎred
odd(10140; ℤ) contain 3-torsion.

They are thin when 3 is invertible.

Example (Ozsváth–Rasmussen–Szabó ’13)

𝐾ℎred
odd(942; ℚ) is thin, while 𝐾ℎred

odd(942; 𝔽2) is not thin.

Here thin means supported in one 𝛿-grading. For any field 𝔽, if
𝐾ℎred

odd(𝐿; 𝔽) is thin, then the spectral sequence collapses at 𝐸2. The
integral spectral sequence retains torsion information.
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Necessity of local coefficients

0

∞

1

𝜙1

𝜙2

𝑧
Opposite sides are identified.

Example (Abouzaid–Manolescu ’25)
With canonical orientations, the two
triangles have the same sign,

𝜖(𝜙1) + 𝜖(𝜙2) = ±2.
This vanishes over 𝔽2, but not over ℤ.

Twisting supplies weights −1, 1,
−𝜖(𝜙1) + 𝜖(𝜙2) = 0.

Remark
An analogous equal-sign obstruction was found in bordered Floer theory by
Knowles–Petkova ’21. The same failure of cancellation in monopole theory was
observed by Freeman ’21.
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Construction of local coefficients

Let 𝑋 be a manifold, 𝑓 ∶ 𝑋 → ℝ/ℤ a continuous map, and 𝑅 = ℤ[𝑢, 𝑢−1].
Define the local system Γ𝑢 on 𝑋 with formal rank-one fibers

Γ𝑢(𝑥) = 𝑢𝑓(𝑥)𝑅.
Changing a real lift of 𝑓(𝑥) by an integer preserves this module. It is the pullback
of the standard local system Γ𝑆1 on ℝ/ℤ, with monodromy 𝑢. For a real lift 𝑓 ∘ 𝛾
along a path 𝛾, transport is multiplication by

𝑢𝑓∘𝛾(1)−𝑓∘𝛾(0).
The monodromy around a loop is 𝑢deg(𝑓∘𝛾). This defines 𝐻∗(𝑋; Γ𝑢).
The above construction is from Kronheimer–Mrowka ’11, ’17, ’19 for instanton
homology with local coefficients.
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Our construction for monopole theory

Let ℬ𝜎(𝑌 , 𝔰) be the blown-up configuration space in monopole theory. For an
integral 1-cycle 𝜂 ⊂ 𝑌 , fix a unit section 𝜏det(𝜂) of the determinant line of the
Spin𝑐 bundle. Define

𝑓 ∶ ℬ𝜎(𝑌 , 𝔰) → ℝ/ℤ, 𝑓(B) = 1
2

𝑖
2𝜋 ∫

𝜏det(𝜂)
𝐵𝑡 (mod ℤ).

The fiber is 𝑢𝑓(B)ℤ[𝑢, 𝑢−1]. Gauge transformations change the normalized
integral 𝑖

2𝜋 ∫ 𝐵𝑡 by an even integer, so 𝑓 descends to the quotient.
Kronheimer–Mrowka ’07, in Monopoles and Three-Manifolds, use the universal
exponential ring ℤ[ℝ] and weights 𝑡𝑟𝜂(𝑧), where 𝑟𝜂(𝑧) = 𝑖

2𝜋 ∫[0,1]×𝜂 𝐹𝐴𝑡𝑧
. We use

𝑢𝑟𝜂(𝑧)/2, so roughly 𝑢 = 𝑡2.
Freeman ’21 used 𝑡 =

√
−1; we use 𝑢 = −1, which allows us to work over ℤ. For

a closed oriented surface 𝜈 ⊂ 𝑊 , the weight is
𝑢(⟨𝑐1(𝔰),[𝜈]⟩+𝜈⋅𝜈+𝜒(𝜈))/2.

The Spin𝑐 condition gives ⟨𝑐1(𝔰), [𝜈]⟩ ≡ 𝜈 ⋅ 𝜈 (mod 2); since 𝜒(𝜈) is even, the
exponent is integral.
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Thanks for your attention.
Slides on floer.wiki/en
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