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Abstract

This is a companion paper to earlier work of the authors, which proved an integral
surgery formula for framed instanton homology. First, we present an enhancement of
the large surgery formula, a rational surgery formula for null-homologous knots in
any 3-manifold, and a formula encoding a large portion of TI(Sg(K )). Second, we
use the integral surgery formula to study the framed instanton homology of many 3-
manifolds: Seifert fibered spaces with nonzero orbifold degrees, especially nontrivial
circle bundles over any orientable surface, surgeries on a family of alternating knots
and all twisted Whitehead doubles, and splicings with twist knots. Finally, we use the
previous techniques and computations to study almost L-space knots, i.e., the knots
K c S with dim It(SS(K)) = n + 2 for some n € N;. We show that an almost
L-space knot of genus at least 2 is fibered and strongly quasi-positive, and a genus-
one almost L-space knot must be either the figure eight or the mirror of the 5, knot in
Rolfsen’s knot table.
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1 Introduction

Sutured instanton homology SH (M, y) for a balanced sutured manifold (M, y) was
introduced by Kronheimer—Mrowka [21] and it leads to many important instanton
invariants of 3-manifolds and knots. Among them, the framed instanton homology
I%(Y) for a 3-manifold Y and the instanton knot invariant K HI(Y, K) for a knot
K C Y are the two most important ones. It has been known that the framed instanton
homology is closely related to the SU (2)-representations of the fundamental group
1 (Y) and hence understanding its structural properties and computing its dimension
are essential tasks in the study of instanton theory. However, the fact that instanton
Floer homology is constructed based on a set of partial differential equations makes
this task very difficult. Some previous computational results were obtained in [7, 11,
26, 38].

Motivated by the conjecture proposed by Kronheimer—-Mrowka [19] that framed
instanton homology and the hat version of Heegaard Floer homology are isomorphic
to each other, and the known structural properties in the Heegaard Floer theory estab-
lished by Ozsvath—Szabd [34-36], the authors of the current paper have established
many structural properties that relate the framed instanton homology to instanton knot
homology:

1. In [31, 32], we established a decomposition of SHI(M, y) along H{(M; Z),
and showed that the enhanced Euler characteristic associated to this decompo-
sition equals the Euler characteristic of SFH (M, y) with respect to the spin®
decomposition.

2. In [27], for a rationally null-homologous knot K C Y, we constructed two dif-
ferentials, d4 and d_, on K HI(Y, K) such that the homologies are isomorphic
to I%(Y). Using those differentials, we constructed some complexes called bent
complexes whose homologies compute 7(Y,(K)), where Y, (K) is obtained
from Y by Dehn surgery along K with a large coefficient n.

3. In [29], we established a formula based on the bent complexes that computes
I%(Y,, (K)) for any nonzero integral m-surgery.

Many applications have already been found based on this work: the proof that
T (S3\L) for almost all links L admits an irreducible SU (2)-representation in [39],
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the proof that g (533 (K)) for any nontrivial knot admits an irreducible SU(2)-
representation in [3], a strong restriction on the Alexander polynomial Ag (z) for
any instanton L-space knot K in [27], and the computation of [/ Ii(Sf’([( )) for any
genus-one quasi-alternating knot K in [27], etc.

In this paper, we present more applications of our previous work from (1) to (3),
further demonstrating the power of these tools in dealing with the Dehn surgeries of
knots: we upgrade the integral surgery formula proved in [29] to a rational surgery
formula; we study the O-surgery for knots inside S°, which is a missing case in [29];
we study almost L-space knots, which admit a surgery with next-to-minimal framed
instanton homology, and we present the computations of many new families of the
framed instanton homology of 3-manifolds, including most Seifert fibered 3-manifolds
with non-zero orbifold degrees, the Dehn surgery along a large family of alternating
knots and all twisted Whitehead doubles, and splicings of the complement of a twist
knot with the complement of an arbitrary knot in S°. Below, we give an outline of the
contents of individual sections, providing more details of these results.

Section 2. We review notations and results about surgery formulae in [27, 29]. We
truncate the integral surgery formula to make it simpler for further usage. As a byprod-
uct, we weaken the assumption on the large coefficient in the large surgery formula.
In particular, when K is null-homologous, the integer 2g(K) — 1 is large enough to
apply the large surgery formula, while in [27], the minimal integer is 2g(K) + 1.

Section 3. We establish a rational surgery formula for all null-homologous knots in
instanton theory. The proof is similar to that in Heegaard Floer theory [36]. Suppose
K C Y is a null-homologous knot. The rational surgery along K can be interpreted
as the integral surgery along a knot Ky C Y#L(p, q). The knot Ky is obtained by the
connected sum of K and a core knotin L(p, g) (whose complement is a solid torus) for
(p, g) chosen according to the surgery slope. We establish a connected sum formula
for the differentials in bent complexes in such cases and then apply the integral surgery
formula to complete the proof.

Section 4. The statement of the integral surgery formula in [29] excludes the case
of O0-surgery, i.e., the filling slope is the boundary of a Seifert surface. However, for a
knot K C §3, we can still understand a large portion of / Ii(Sg (K)) by examining an
extra grading: after performing the 0-surgery, the Seifert surface of K is capped off by
the meridian disk of the filling solid torus, which becomes an essential closed surface
in SS(K). From [11, Sect. 2.6], this surface induces a Z-grading

g(K)—1

FSYEN= P IS K. 5). (1.1)

s=1—g(K)

In this case, the integral surgery formula can be stated and proven grading-wise. As a
result, we can understand / tI(SS(K ), s) for all s but 0.

The next three sections are about computations. To apply the integral surgery
formula for a specific knot, there are two main tasks to solve:

1. To compute differentials d+ on KHI(Y, K),
2. To find the isomorphism H(KHI(Y,K),dy) = H(KHI(Y,K),d_) in the
statement of the surgery formula (c¢f. Theorem 2.16).
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Fig. 1 The Borromean knot K inside S x s2#5! x §2. The two copies of S! x §2 come from the zero
surgeries on the two (black) components of the Borromean link

In the following three sections, we present many methods to deal with the above
tasks (1) and (2).

Section 5. We deal with the Borromean knot as in Fig. 1 and the connected sums of
a few copies of them. Any such knot K is inside a 3-manifold Y that is the connected
sum of a few copies of S! x S2. For this special family of knots, we have

KHIY,K) = I%Y),

so task (1) is trivial. Moreover, the H;(Y)-action in this case is essential. From [38,
Sect. 7.8] and [12, Theorem 7.16], we have an identification

I5(Y) = A*H (Y).

Hence we can regard all related instanton Floer homology groups as modules over the
ring A*H{(Y) and the task (2) can be done by the module structure.

It is worth mentioning that prior to the current paper, most computations of 7%(Y)
are for rational homology spheres Y, while our computations for (connected sums of)
Borromean knots, up to the author’s knowledge, provide a first family of knots inside 3-
manifolds with positive first Betti number for which the framed instanton homology of
their Dehn surgeries can be computed systematically. It is well known that the nonzero
integral surgeries of connected sums of Borromean knots give nontrivial circle bundles
over orientable surfaces. Hence, we obtain the following.

Theorem 1.1 Forany g > 1, m # 0, suppose Y5 is the circle bundle over a surface
of genus g with Euler number m. We have the following.

1. If|m| > 2g — 1, then
dim I*(Y3) = 2°¢ - |m)|.
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2. If |Im| =2l withl < g — 1, then

g—1-1

g—I-1j-1
. 2g 2g
1y8 2
dimI*(Y;5) =278 - |m| + 4 - E E (i)~|—2~ ;zo (z)

j=1 i=0

3. Iflm| =21 — 1 withl < g — 1, then

g=1 j=1
2g

dim I5(Y;5) = 2% - jm| +4-)

im I*(Yy) |m| ;

j=1i=0

Remark 1.2 In [35, Theorem 5.5], Ozsvath—Szab6 provided a formula for H Frt 4 9
using the integral surgery formula for H F+.

Furthermore, we can recover any Seifert fibered space with nonzero orbifold degree by
a non-zero integral surgery along the connected sum of Borromean knots and suitable
core knots in lens spaces. We also use the A*H;(Y)-module structure to solve task
(2). As aresult, we prove the following theorem, which generalizes Alfieri-Baldwin—
Dai-Sivek’s result for Seifert fibered manifolds that are rational homology spheres [1,
Corollary 1.3].

Theorem 1.3 Let Y be a Seifert fibered space over a genus g orbifold with Seifert
invariants (m, r1/vi, ..., n/vn). Suppose the orbifold degree is

n

dng:m—i—ZZ—l.
‘ 1
i=1

IfdegY # 0 and gcd(vi, vj) =1 foranyi # j € {1,...,n}, then
dime I%(Y) = dimg, HF(Y).

Remark 1.4 Tt is possible to compute dim¢ 7#(Y) in Theorem 1.3 explicitly as in [36,
Theorem 10.1]. We need the condition deg Y # 0 because we do not have a zero-
surgery formula for knots inside general manifolds and deg ¥ = 0 corresponds to the
zero-surgery on the connected sum. We need the condition gcd(v;, v;) = 1 because
we want the first homology of the complement of the connected sum to be torsion-free,
so that we can use the grading from the Seifert surface to capture all information in
the spin® decomposition of Heegaard Floer theory. This condition could be removed
if we utilize the work in [31] to obtain a further composition of our integral surgery
formula.

Section 6 we also study more families of knots inside S°. Since there are
isomorphisms

H(KHI(S?,K),dy) = HKHI(S?, K),d_) = I*($*) = C,
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Fig.2 The knot K (ay, ..., az+1)

the choice of the isomorphism between them is only up to a scalar. Hence task (2) is
trivial, and all we need is to deal with task (1).

It is well known that alternating knots are thin in the Heegaard Floer theory [33].
From Petkova’s classification of thin complexes [37, Sect. 3.1], the knot Floer complex
of an alternating knot is fully determined by its Alexander polynomial and the tau
invariant (which is related to the signature for alternating knots). Since there is no
known integral Maslov grading in instanton theory, we do not have a proper definition
of thin knots in the instanton setting.

Instead, we can consider knots whose two spectral sequences from K H1(S 3.K)to
I%(S3) collapse on the second pages, i.e., only differentials d _+ are nontrivial. We say
such knots have torsion order one (cf. Definition 6.4). For knots having torsion order
one, we have a similar classification of complexes involving d4 as the thin complexes,
and hence the complexes are again fully determined by the Alexander polynomial and
the tau invariant in instanton theory.

In order to prove that some families of knots have torsion order one, we make use of
the oriented skein relation in instanton theory studied in [18, 25]. Unlike the original
setup, where we have an oriented smoothing of the crossing to derive a link in S°, we
consider its knotification, or equivalently a knot inside S' x S2.

This idea of using oriented skein relation works for a large family of alternating
knots. In particular, we can deal with the family of pretzel knots as shown in Fig.2.
Note that all the crossings in this family of diagrams are positive, since the induction
starts with the torus knots 7' (2, 2n + 1) (i.e. a; = 0 for all i), whose crossings are all
positive. We prove that those knots have torsion order one, and then we can compute
the framed instanton homologies on their surgeries.

Theorem 1.5 Suppose K C S° is a knot as shown in Fig. 2 so that

ai >0foralli=1,...,2n+1, and
#ilai =21} <n+1
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Fig.3 Whitehead double

Then we have g(K) = n and for any r = p/q € Q\{0} with g > 1, we have

(I1Ag DI =2n=3) -q
2

dim 1%(S3(K)) = dimp, HF (S} (K)) = +lp—q-@n—1)

where || - || is the sum of the absolute values of the coefficients.

Remark 1.6 The one-dimensional argument that task (2) is trivial for knots inside S 3
can also be generalized to a knot K in any instanton L-space Y. If H{(Y\N(K); Z) is
torsion-free, then we may use the grading from the Seifert surface to decompose our
integral surgery formula, so that the one-dimensional argument can be applied to each
summand. If H;(Y\N(K); Z) is not torsion-free, we could utilize the work in [31] to
obtain a decomposition, but that needs further study concerning the interaction of the
decomposition and the construction of the integral surgery formula (¢f. Remark 1.4).

Section 7. We also use the techniques involving oriented skein relation to study
twisted Whitehead doubles.

Theorem 1.7 Suppose J C S° is a knot and K = Dt+(]) is the t-twisted Whitehead
double of J with positive clasp; see Fig.3. Suppose t is the instanton tau invariant
and T, C 3(SP\N(J)) consists of two copies of curves with slope —n. Then we have
the following.

1. KHI(S?, K, 1) Z SHI(S’\N(J),T_)).

1 t<2-1)

0 t=>2-1(J)
2.dimSHIS\N(J), T_)F1l <2 1)
2.dimSHIS\N(J),T_)+1 t>2-7;(J)

2. 1 (K) =

3. dim I%(S3,(K)) = {
Remark 1.8 According to [7, Theorem 1.1], the data provided in Theorem 1.7 part (3)
is enough to compute the framed instanton homology of all nonzero rational surgeries
of the twisted Whitehead doubles with positive clasps. Also, note that we have

D, (K) = DT, (K),

where K is the mirror of K . So we also know all the information for twisted Whitehead
doubles with negative clasps.
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Theorem 1.7 can also be applied to study splicings with knot complements of twist
knots. Note that twist knots K, are the positively clasped n-twisted Whitehead doubles
of the unknot.

Theorem 1.9 Suppose K, is the twist knot. Suppose J C S is a non-trivial knot. Let
Y be obtained by gluing the complement of K,, with the complement of J so that the
gluing map sends the meridian of one knot to the longitude of the other and vice versa.
Let Tg C 3(S3\N(J)) consist of two Seifert longitudes. Then

" 2. |n|-dim SHI(S*\N(J), ) + 1 77(J) <0
dim I*(Y) = ) 3
n|- 2-dimSHI(S\N(J),To)— D)+ [1+n| wJ)>0
Remark 1.10 From [14, Sect. 5.2], we have the following equality for n € Z (cf.
Lemma 2.28)

dim SHI(S*\N(J),T,) = dim SHI(S\N(J), T_27,(x)) + |n + 211 (K)|.

So, foraknot K C §3, as long as we know its 7; and dim SHI(S3\N(J), I',) for any
one n € Z, we can obtain the dimensions for all n € Z. Furthermore, from Theorems
1.7 and 1.9, we obtain the framed instanton homology of Dehn surgeries along all of
their twisted Whitehead doubles as well as the splicing with the complements of the
twist knots. Here is the list of knots where all such data are known.

e Genus-one quasi-alternating knots (cf. [27, Sect. 6]).
e Instanton L-space knots (cf. [27, Sect. 5]).
e Knots described in Theorem 1.5 (cf. Sect. 6).

Section 8. Finally, we study almost L-space knots in S3. A knot K C §° is called
an almost (instanton) L-space kneot if it is not an instanton L-space knot and there
exists n € N4 such that

dim I*(S3(K)) = n + 2. (1.2)
Note that n + 2 is the second minimal value of the dimension since the Euler
characteristic is n [38, Corollary 1.4]. See [8] for the results in Heegaard Floer theory.

Similar to the previous work on instanton L-space knots [27], we can impose strong
restrictions on almost L-space knots. Moreover, we can classify all genus-one almost
L-space knots.

Theorem 1.11 Suppose K C S isan almost L-space knot. Then we have the following.

1. If g(K) > 2, then K is fibered, strongly quasi-positive, and t;(K) = g(K).
2. If g(K) = 1, then K is either the figure eight or the mirror of the 5, knot in
Rolfsen’s knot table (with signature —4, denoted by 5;).

A direct corollary of Theorem 1.11 is the following.

Corollary 1.12 Suppose K C S is a knot. Suppose further that
dim I*(S}(K)) = 3.
Then K is either the left-handed trefoil, the figure-eight, or the knot 5.
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The proof for g(K) > 2 largely depends on our previous work in [27, Sect. 5]. The
classification of genus-one almost L-space knots is more complicated. We first proved
that K HI(S3, K) is 1- or 2-dimensional in the top Alexander grading, for which we
know a list of all possible knots. If the top grading is 1-dimensional, then the knot
is fibered [19, Corollary 7.19]. It is well known that the trefoil and the figure eight
are the only genus-one fibered knots. If the top grading is 2-dimensional, Baldwin—
Sivek [9] recently classified all such knots in the Heegaard Floer setting. According
to [30], the same results apply to the instanton setting. This also leads to the following
theorem, which is a complete classification of genus-one nearly fibered knots in terms
of instanton knot homology.

Theorem 1.13 Suppose K C S is a genus-one knot with
dimKHI(S?, K, 1) =2.

Let J be the right-handed trefoil. Then we know the following.

1. K is 57 or its mirror if and only if
dimKHI(S®, K)=17.
2. K is, up to mirror, either 15n43522 or D, (J) if and only if
dim KHI(S?, K) =9and Ag(t) =21 — 3+ 2t~

3. K is one of the pretzel knots P(—3,3,2n + 1) for some n € 7Z, D;(J), or their
mirrors if and only if

dimKHI(S?, K) =9and Ag(t) = —2¢ +5— 2t~

Remark 1.14 Prior to the computation in this paper, due to Baldwin-Sivek’s work
[9], we know that if K is genus-one and dim KHI(S3, K,1) = 2, then K must
be one of the knots listed in Theorem 1.13. Furthermore, we already know that
dim KHI(S?, K) = 7forK = 5;anddim K HI(S?, K) = 9forK = P(-3,3,2n+
1) and K = D;“ (J). The last piece for the above complete classification is the com-
putations for D, (J) and 15n43522. This is finished in Sects. 7 and 8, respectively, by
studying their Dehn surgeries.

2 Preliminaries on surgery formulae

2.1 Conventions

If it is not mentioned, all manifolds are smooth, oriented, and connected. Homology
groups and cohomology groups are defined with Z coefficients. We write Z,, for Z/nZ
and I, for the field with two elements. If there is no subscript for dim, then it means

dimc.
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Aknot K C Y is called null-homologous if it represents the trivial homology class
in H\(Y; Z), while it is called rationally null-homologous if it represents the trivial
homology class in H{(Y; Q).

For any oriented 3-manifold M, we write —M for the manifold obtained from M
by reversing the orientation. For any surface S in M and any suture y C dM, we write
S and y for the same surface and suture in — M, without reversing their orientations.
For a knot K in a 3-manifold Y, we write (—Y, K) for the induced knot in —Y with
induced orientation, called the mirror knot of K. The corresponding balanced sutured
manifold is (—=Y\N(K), —yk).

2.2 Sutured instanton homology for knot complements

For any balanced sutured manifold (M, y) [17, Definition 2.2], Kronheimer—
Mrowka [19, Sect. 7] constructed an isomorphism class of C-vector spaces
SHI(M, y). Later, Baldwin—Sivek [4, Sect. 9] dealt with the naturality issue and
constructed (untwisted and twisted versions of) projectively transitive systems related
to SHI(M, y). We will use the twisted version, which we write as SHI(M, y) and
call sutured instanton homology.

Moreover, there is a relative Z,-grading on SHI(M, y ) obtained from the construc-
tion of sutured instanton homology, which we consider as a homological grading and
use to take the Euler characteristic.

Definition 2.1 Suppose K is a knot in a closed 3-manifold Y. Let Y (1) := Y\ B and
let § be a simple closed curve on dY (1) = S2. Let Y\N(K) be the knot complement
and let I, be two oppositely oriented meridians of K on d(Y\N(K)) = T2. Define

I*(Y) := SHI(Y (1), 8) and KHI(Y, K) := SHI(Y\N(K), T'y).

From now on, we will suppose K C Y is a rationally null-homologous knot and fix
some notations. Let u be the meridian of K and pick a longitude A (suchthatA-u = 1)
to fix a framing of K. We will always assume Y\ N (K) is irreducible, but many results
still hold due to the following connected sum formula of sutured instanton homology
[22, Sect. 1.8]:

SHI(Y#Y\N(K), y) = I*(Y') ® SHI(Y\N(K), ).

Given coprime integers r and s, let I /5 be the suture on 9(Y\ N (K)) that consists
of two oppositely oriented, simple closed curves of slope —r /s, with respect to the
chosen framing (i.e. the homology of the curves are =(—ru + sA) € H{(IN(K))).
Pick S to be a minimal genus Seifert surface of K.

Convention We will use p to denote the order of [K] € H{(Y), i.e., p is the minimal
positive integer satisfying p[K] =0 € Hi(Y). Letg = 95 - X and let g = g(S) be
the genus of S. When K is null-homologous, we always choose the Seifert framing
X = dS. In such a case, we have (p, g) = (1, 0).
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Remark 2.2 The meanings of p and ¢ follow from [29], but are different from our
previous papers [27, 28]. Before, we used & and A to denote the meridian of the knot
K and its preferred framing. When 95§ is connected, it is the same as the homological
longitude A in previous papers. Hence p and ¢ in this paper should be ¢ and g in
previous papers.

For simplicity, we use the bold symbol of the suture to represent the sutured
instanton homology of the balanced sutured manifold with the reversed orientation:

1—‘r/s := SHI(—(Y\N(K)), _Fr/s)-

When (r,s) = (£1,0), we write I',;; = I',. When s = =*1, we write I, =
Cust = U <nyy—1). We also write I', and I'y, for the corresponding sutured instanton
homologies.

Also, we write

Yr/s = Ij(_Y—r/s(K))»
and in particular
Y, :=I*(—=Y_,(K))and Y := I*(-Y).

We always assume that § has minimal intersection with I'; /5. By work of [24], the
Seifert surface S induces either a Z-grading or a (Z + %)-grading on I'; /4, depending
on the parity of the intersection number 95 - (sA — ru). We write the graded part of
Iys as

(Trjs. i) 1= SHI(—(Y\N (K)), =T s, S. )

withi € Zori e Z + %, depending on the parity of the intersection number.

For simplicity, we omit the definitions of bypass maps /% , and surgery maps Fj,
Gn, Hy, Ay—1, By—1, Cp, in [29, Sect. 2.2] and only list their properties as follows.
The proofs and references can be found in [29, Sect. 2.2].

Lemma 2.3 We have (Fr/s, i) = 0 when

lrp —sql —1

lil > g+ 3

Lemma 2.4 For any n € Z, there are two graded bypass exact triangles

n
1’b-#,n-%—l

(Fn,i + g) Tnt1,10)

(i - 2259)
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v,
(Tnyi — %) o (Cat, i)

v, /

(Cus i 4 #771)

where the maps are homogeneous with respect to the homological Z;-gradings.

Definition 2.5 The maps in Lemma 2.4 are called bypass maps. The ones with sub-
scripts + and — are called positive and negative bypass maps, respectively. We will
use =+ to denote either of the bypass maps. For any integer n and any positive integer
k, define

n e pntk—1 n .
\IJ:I:,n—l-k = wi,n—i—k °"'°wi,n+] P

Lemma 2.6 Foranyn € Z, we have the following commutative diagrams up to scalars.

w-’:— n+1 w-’%’—:‘;lz
1—1n - 1—‘ln+l 1—‘n+2 E— FpL
1
¢£,n+l Ilfﬁ-;Hrz 1//1‘;12 ‘/fin
Vi v,
Tyl —— > T2 r, —=—=T,

Lemma 2.7 Foranyn € 7Z, we have the following commutative diagrams up to scalars

]//i n+l Ilfﬁ n+l1

‘l'z,n\ %)—L,nﬂ ‘”;n\ %ﬁ,zu—]
Ly Ly

w-rll—.n-%—l w:n-%—l
1ﬂl’l - Fn—H Fn - Fi‘l-‘rl

wx %ﬁl ‘/’k %ﬁ‘
r " FM
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Lemma 2.8 Foraknot K C Y andn € Z, there are two graded bypass exact triangles

-1
]//” 2n—1
+ 2L

(Lpr.i = 1250) = (Pag.7)

Lemma 2.9 For a knot K C Y and n € Z, there are commutative diagrams up to
scalars

1//1 n—1 wjnz—l
- o n
Ty Fa-1 Fowy ——m=1T,
2
® 1//"_21 1 2n-—1
Vo T v,
—1
w:2n—l 1//”
r.4—— FZ —1 o
el Bl r——" T,
Wﬁ: —1 wl‘- 1
'y — T ry — " T
W;\u\ %ﬁi,n—l Wju\ Ve
Ly
2n£l 2n—1
Vo1 Vo
| T | Q] — T
WA 2n2—l '//m w2n2—l
Fn n Fn

Lemma 2.10 For any n € Z, we have the following exact triangles.
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L R r, Ancy .

N\ A

Lemma2.11 For any n € Z, we have the following commutative diagrams up to
scalars

¢+ n+1 vt -l
Ty =Ty Iy Ty
k Al Gy /nﬂ

Y Y
vl i+l v .+l
Ty ——" Ty Iy —— Ty

N Al Fy A—l
Y Y

Lemma 2.12 [28, Lemma 4.17, Proposition 4.26, Lemma 4.29 and Proposition 4.32]
Let F,, and G, be as in Lemma 2.10. Then, for any large enough integer n, the following
properties hold:

1. The map G,_1 is zero and F,, is surjective. Moreover, for any grading

np—gq—1 _. _np—gq—1
S i< P g,
) 0 ) §—r+
the restriction of the map
p—1
Fy: @ Cuio+i) > Y
i=0

is an isomorphism.
2. The map F_, is zero and G _,, is injective. Moreover, for any grading

—1 —1
ezl ot
2 2
the map
p—1
ProjoG_,: Y - @ Ty io+i).
i=0
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is an isomorphism, where

p—1
Proj:I'_, — @ (T, io + 1)
i=0

is the projection.

Lemma 2.13 For any n € Z, let the maps H, and wi,nﬂ be as in Lemmas 2.10 and
2.4 respectively. Then there exist c1, co € C\{0} such that

H, = Cl‘/f.r:_,n_q_l + CZI/f:n-H

Convention Though maps between projectively transitive systems are only well-
defined up to scalars in C\{0}, in [29, Sect. 2.3], we introduced a way to fix the
representatives of the systems and the scalars of maps between them. Hence, we can
consider the sutured instanton homologies used in this paper as actual vector spaces,
and all commutative diagrams above hold without introducing scalars, except for the
second commutative diagram in Lemma 2.6. Moreover, we can set the scalars ¢; = 1
and cp = —1 for any n € Z in Lemma 2.13.

2.3 Integral surgery formulae

Suppose K C Y is arationally null-homologous knot with a Seifert surface S. Suppose
(A, w) is the chosen framing for K and (p, ¢) is defined as in Sect.2.2. Then we state
two versions of integral surgery formulae, one from the sutured theory and the other
from the bent complex.

Theorem 2.14 [29, Theorem 3.1] Suppose m is a fixed integer such that mp — q # 0,
i.e., the suture Ty, is not parallel to 3S. Then, for any large enough integer k, there
exists an exact triangle

F2m+2k 1 %‘Fm-iﬂk 1

N

wheren—n k+n kand

+ Tk 2m+2k—1
— m 2
Tk = VYo k1 © Vg mtk

are compositions of bypass maps. Hence we have an isomorphism

Y, = H(Cone(n;;k + 71,;7,()) = ker w @ coker 7.
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In [27, Sect. 3.4], for any rationally null-homologous knot K C Y, we constructed
two spectral sequences {E, 1, dy y}r>1and (E, _, d; _},>1 from ' toY, where the
Z-grading shift of d, 4 is £rp. In short, we obtain two spectral sequences from the
following unrolled exact couples about bypass maps

"
e Dy < M e @2.1)

vl it
Ty Fuoi
vi, Vs Vo
Vil Vi v
. r, Iy Ty

The spectral sequences are independent of the choice of n. Then we lift the spectral
sequences to filtered chain complexes with differentials d; and d_ by fixing an inner
product on I',. By construction we have

HTy,,dy)=HT,,d)=Y.
Definition 2.15 [27, Construction 3.27 and Definition 5.12] For any rationally null-

homologous knot K C Y, let BE(K) be the complexes (I',, d+). For any integer s,
define the bent complex

A(K,5) = (@@ s +kp). dy).
keZ

where for any element x € (I, s + kp),

d4(x) k >0,
ds(x) = {dy(x) +d-(x) k=0,
d_(x) k <0.

Let BX(K, s) be copies of B*(K). Define
7T (K,s): A(K,s) > BT(K,s)and 7~ (K,s) : A(K,s) = B~ (K,s)

by
X k>0 X k<O,

" and 77 (K, 5)(x) =

+K, —
7K, () {o k<0 0 k>0,

where x € (I'y, s + kp). Define

m5(K): P AK.s) > @ BFK.5)

SEZ SEZ

by putting 7 (K, 5) together for all s. We also use the same notation for the induced
map on homology. If K is fixed, we will omit itin A(K, s), B¥(K,s) and 7% (K, s).
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Theorem 2.16 [29, Theorem 3.18] Suppose m is a fixed integer such that mp — q # 0.
Then there exists an isomorphism

En @D HB ) > @ HB 6 +mp—q)
se’ s€Z

as the direct sum of isomorphisms

Em,s : HBT(s)) > H(B (s +mp — q))
so that
Y, = H<C0ne(71_ +EponT: EB H(A(s)) — @ H(B‘(s)))).
SEZ SEZ

Remark 2.17 Theorem 2.14 is a little stronger than Theorem 2.16 when we consider
the A*H;(Y; C)-action on the sutured instanton homology. From Corollary 5.4, the
action is trivial on I'; of the Borromean knot, and hence is trivial on the bent complex.
But it is nontrivial on I';, by Lemma 5.3. In this paper, we will use both versions of
surgery formulae.

2.4 Truncation of the integral surgery formulae

In this subsection, we will use the following algebraic lemma to truncate the integral
surgery formula.

Lemma 2.18 Suppose (C, dc) is a chain complex and suppose C = D @ E @ F. For
A, B € {D, E, F}, we write dé : A — B for the restriction of dc. We write elements
in C as column vectors. Suppose dc has the form

0d2 0
dc=100 0
0df ak
where d g is an isomorphism. Then we have an isomorphism
H(C,dc) = H(F,dk).
Proof We have a short exact sequence

0--D®E—->C—F—=0

which induces a long exact sequence. The assumption on d¢ implies H(D @ E) =0
and hence H(C) = H(F). O

We also need some structural lemmas for sutured instanton homologies.
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Lemma 2.19 Suppose K C Y is a framed rationally null-homologous knot. Suppose
n € Z such that (n — 1)p — q > 2g, then we have the following.

1. When |i| > % + g, we have (I, i) = 0.

2. When % +g>i>g— "p_Tq_l, we have an isomorphism

= o
1//;!:’"_‘_1 : (Fn’ :l:l) - <Fn+17 :l:l :l: E) .

3. When "p_zq_l —g>i,j>g— "p_zq_l andi— j = p, we have an isomorphism

W i) oWy D) = (T ).

4. When g — "pfzqfl <ip < "pfzqfl — g — p + 1, the restriction of the map
p—1
Fy: @ Cuio+i) > Y
i=0

is an isomorphism.

Proof Part (1) follows directly from Lemma 2.3. Part (2) and (3) follow from Lemmas
2.3 and 2.4. Part (4) follows from [29, Lemma 2.19 part (1)]. O

Lemma 2.20 Suppose K C Y is a framed rationally null-homologous knot. Suppose
n € Z such that (n — 1)p — g > 2g. Then we have the following.

1. When |i| > w + g, we have

(rznz;l,i) —0.

2. When w +g>i>g— pT_l, we have an isomorphism

2=l = n—1p+
VIR (anT_.,ii) = <rn, +iF %).
3. When w —-g>izg— %, we have an isomorphism

@%LQszmx

where A(i) is the bent complex defined as in Definition 2.15.

Proof Part (1) follows directly from Lemma 2.3. Part (2) follows from Lemmas 2.8
and 2.19 part (1). Part (3) follows from [27, Theorem 3.23]. O
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Lemma 2.21 Suppose K C Y is a framed rationally null-homologous knot. Suppose
nrf i isdefined as in Theorem 2. 14. Let n;,ﬁ be the restriction 0f7'rjlE on (F 42kt i).
Then we have the following.

1. We have

. mp —
IIIlJ'L’ri’;c C (Fm+2kl, i+ P2 q) .

2. Wheni > pT_l + g, we have n,fkil =0.
3. Wheni > pT_l + g, the map r[ji’kil is an isomorphism.

Proof Part (1) follows directly from the grading shifts in Lemmas 2.4 and 2.8. For the
grading i in part (2), by Lemmas 2.8 and 2.19, we have

2771+22k71
Veme =0
and hence ni’kii = 0. Part (3) follows from Lemma 2.20 part (2) and Lemma 2.19
part (2). m]

Proposition 2.22 Suppose m € Z such that mp — q # 0. Then, for any large enough
integer k, we have the following.

1. If(im—1)p—q+2<2g, then

Y, = H(Cone(n’ : @ (F2m+22k—1 , i) — @ Tmt2k—1, i)))

lil<Z3t+g ji|< Ummpta=l o

2l g1
~ H(Cone(n” : @ H(A(s)) — EB H(B—(s)))).
|S|<%4+g A‘=—p;l+1—mp+q—g
2. If (im—1)p—q+2=>2g, then
elye-1 2l o1
Y, = D <F2m+22k—1 : i) = b H(A(s)).
i:pT’l—mp+q+g s:pT’l—mp+q+g

Here ' and t”" are the restrictions of w and =~ + B,, on ™ is defined as in Theorems
2.14 and 2.16.

Proof This is a reduction of Theorems 2.14 and 2.16. We only prove the first isomor-

phism in each case. The proof of the second isomorphism follows directly from the
reformulation of the integral surgery formula by bent complexes in [29, Sect. 3.3].
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From Lemma 2 21, the grading shift of 7 1 is 5L When i > p—_l + g, we have

n; ,i =0andm,, k is an isomorphism. Let C; be the total mapping cone in Theorem

2.14 and let

D = @ (F2m+22k—l,i) and E| = @ TCm42k—1,1) -

1 . —1 —
-2l g Y

Then 7 restricts to 77, on D and induces an isomorphism of D = E. Then we apply
Lemma 2. 18 to remove D; @ E; from C1 Let C» be the quotient C1/(D1 @ E1).

Since 7,7, is also an isomorphism for i = 221 4 ¢, we can apply Lemma 2.18 again
to remove
D2= F2m+2k—l,p—_1+g and E2= F2m+2k71,p—_1_w+g
=z 2 e ) >

from C3. Let C3 be the quotient C, /(D2 @ E3). Note that the grading induced by the
Seifert surface is either a Z-grading or a (Z + %)—grading. If

p—1 mp—gq 1
2 ;. 87

then we can similarly apply Lemma 2.18 to

D3 = @ <F2m+22k—l R i) and E3 = @ (TCm+2k=1,1)

s 1_ <Pl mp—q
i< g i< —+=5 g

and then also

-1 p—1 mp—
D4:(F2m+22k1,—p——g> arldE4=<F2m+22k 1,——+ P q—g).

2 2 2
We conclude that

H(C\)=H <Cone(7‘r/ : @ <F2m+22k—l , i) — @ (Tim2k—1, i)))-

- —1 . — —
lil<23 g lil <GP g

If

p—1 mp—gq

2 2

1
<_’
+ g >

then we can apply Lemma 2.18 to

Dé = @ (F2m+22k71 5 l) and E:/}, = @ (Fm+2k71, l) .

i<%4—mp+q+g i<p771 B q+g
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We conclude that

—1
b el

Hen= @ (F%,i)

i=27 —mp+g+g

O

If K isnull-homologous, then (p, g) = (1, 0). The inequality (m—1)p—qg+2 > 2g
reducestom > 2g — 1. In such a case, the result in Proposition 2.22 is indeed stronger
than the large surgery formula in [27, Theorem 1.22] because the assumption in that
paper is m > 2 g + 1. This difference is essential when g is small (e.g. g = 1).

Proposition 2.23 Suppose K C Y is a null-homologous knot bounding a Seifert
surface of genus 1. Then for any m € N, we have

dim I*(Y,,(K)) = dim I*(Y; (K)) + (m — 1) - dim I*(Y).

Proof Since g = 1, we apply Proposition 2.22 part (2) to any m > 0. In particular, we
have

0
Y ZHAO)adY, = P HAE).
s=—m+1

By the construction of A(s) in Definition 2.15, we know
HAG) X HB ()XY

for any s < 0. Since dim I¥(=Y) = dim I*(Y) for any closed 3-manifold ¥, we
conclude the dimension equality. O

Remark 2.24 When Y is a rational homology sphere, this corollary follows directly
from the adjunction inequality for the instanton cobordism map; see for example [11,
Theorem 1.16]. However, for technical reasons such an adjunction inequality relies
on the assumption that the first Betti number of the cobordism vanishes. So when
b1(Y) > 0, the existing adjunction inequality does not apply.

2.5 Instanton tau invariant

We present some results from [14] for knots inside S3.

Definition 2.25 [24, Definition 5.4] Suppose K C Y is a rationally null-homologous
knot. Let KHI™ (—Y, K) be the direct limit of

wﬁ,nJrl 1//1,11+2
e Ty — Tl —5 Ty — - -
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Let U be the action on KHI™ (—Y, K) defined by {Wi’nﬂ}neNJr. It is well-defined
due to the commutativity in Lemma 2.6.

Definition 2.26 [24, Definition 5.7] Suppose K C 3 is a knot. We define
17(K) =max{i | 3x € KHI (-S>, K, i) s.t. U/ - x # 0 for any j > 0}.

We have the following basic properties for ;.
Lemma 2.27 Suppose K C S3 is a knot. Then we have the following.

1. [14, Proposition 3.17 and Corollary 5.3] For n € Z large enough, we have

1(K) =max{i | 3x € (Tn,i) s.t. Fo(x) #0 € I*(=$)} — %

=min{i [3x € (T, 1) s.t. Fy(x) #0 e IF(=5%)) + %

2. [14, Proposition 1.12 and Proposition 1.14] We have t1(K) = —17(K) where K
is the mirror of K.

Lemma 2.28 [14, Sect. 5] Suppose K C S3 is a knot. Then we have the following.

1. Forany x € QU {u}, we have (I'y, i) = ([, —i).
2. For any n € Z, we have

dim I, = dim ', (k) + |7 + 27/ (K)]

3 Arational surgery formula

Suppose K is a null-homologous knot in a 3-manifold Y. In this section, we will study
the u/v-surgery on K. The integral surgery formula Theorem 2.16 is an analog of
the Morse (integral) surgery formula for Heegaard Floer homology in [36, Sect. 6].
To generalize the formula to rational surgeries, we use the same strategy as in [36,
Sect. 7]. For simplicity, we use similar notations as in Ozsvith—Szabd’s work [36].
The symbols (p, g, r, a) in [36] are replaced by (u, v, r, m) since we define p and ¢
in Sect. 2.2 (indeed (p, q) = (1, 0) because K is null-homologous). Suppose

u
m=|—]
v
is the greatest integer smaller than or equal to u /v, and
u r
—=m+ —.
v v

Let O, be the knot obtained by viewing one component of the Hopf link as a knot
inside the lens space L(v, —r) thought of as —v/r surgery on the other component
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of the Hopf link, which is framed by the Seifert framing of the unknot in S3. Note
that Oy, is a core knot of the lens space, i.e., the complement is a solid torus. Since
Y,/»(K) can be obtained by m-surgery on the connected sum

K#0,), C Y#L(v, —r),

it suffices to understand the bent complex associated to K#0,,, in terms of the bent
complex of K.

3.1 The connected sum with a core knot

Given two knots K; C Y; fori = 1,2, let K’ C Y’ be the connected sum of K
and K;. Note that Y\ N (K') is obtained from gluing ¥;\ N (K;) by an annulus along
the meridians of K; for i = 1,2. Conversely, the disjoint union of Y;\N(K;) is
obtained from Y'\N(K’) by a product annulus decomposition in the sense of [19,
Proposition 6.7]. The instanton version of that proposition implies

KHI(Y', K') = KHI(Y;, K1) ® KHI(Y, K»). 3.1

Moreover, if K; are rationally null-homologous, in our previous work [27, Proposi-
tion 5.15], we generalized the above isomorphism to a graded version with respect to
the gradings associated to Seifert surfaces. (Note the result in [27, Proposition 5.15]
is stated for knots inside rational homology spheres but the proof works for rationally
null-homologous knots inside arbitrary 3-manifolds.) However, we need a stronger
version of the connected sum formula that encodes the information in bent com-
plexes. Inspired by the formula in Heegaard Floer theory [34, Lemma 7.1], we have
the following conjecture.

Conjecture 3.1 Suppose K; C Y; fori = 1, 2 are rationally null-homologous knots.
Then there exist chain homotopy equivalences

B*(K1#K>) ~ BX(K1) ® BX(K»),

where B*(K) is defined in Definition 2.15.

In this subsection, we only prove the special case where K> is a core knot in a lens
space. First, we present some results for core knots.

Lemma 3.2 [24, Proposition 4.10] Suppose K is a core knot in a lens space Y. Then
we have
lrp —sql —1

(Trss.i) = C forany |i| < 5

For other grading i, we have (F,/X, i) =0.

Corollary 3.3 Suppose K is a core knot in a lens space Y. Then the bypass exact
triangles in Lemma 2.4 are always split, and there are two canonical isomorphisms
induced by bypass maps between the direct sum of two spaces with smaller dimensions
and the third space.
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Proof From Lemma 3.2, we know the dimensions of I',;, I",,1, ', are [np — g/, [(n +
1)p — ql, | pl, respectively. Since the sum of two smaller integers equals the third
integer, we know the triangle always splits. Since each nontrivial grading sum-
mand I',, I',11, ', are 1-dimensional, the restrictions of the bypass maps induce
the canonical isomorphisms. O

From Lemma 3.2, for a core knot K C Y, we have
dimKHI(-Y, K) = dim I*(=Y) and d+ = 0.

Then Conjecture 3.1 reduces to the following proposition.

Proposition 3.4 Suppose K| C Y| is a rationally null-homologous knot and K> C Y>
is a core knot in a lens space. Then there exist identifications

BE(K#K>) = BX(K1) ® KHI(-Y», K»).

L]
r/s’

wl; +1- and F? with e € {1, 2, #} for the sutured instanton homology, bypass maps,
and the cobordism maps in Lemma 2.10 associated to the knots K1, K> and K1#K>.

Convention To distinguish sutures for different knot complements, we write I'

To prove Proposition 3.4, we need the following lemma, which generalizes results
in [14, Sect. 3.2].

Lemma 3.5 Suppose K; C Y; fori = 1,2 is a rationally null-homologous knot.
Suppose n and k are large integers. Then there exist maps

n,k Ll 2 # wk 1 2 #
Ci’n+k.Fn®Fk—>Fn+kandCi’M.Fﬂ®Fk—>F”

such that we have the following commutative diagrams.

1 n,1
Vi, ®1d Y, ®ld
1 2 o 1 2 s 1 2
Il ®r} Il ®r? rl er; (3.2)
k k k
Ci.u k Ci.)l+k Ci,lt
ot +k,#
F# l//i,nJrk # '/’l,u F#
123 n+k 13

v ®1d Fy ®F;
reri————Tl eI ———>I(-Y)®I*(-Y2)) (33)
Chhin J Citilﬁﬂ =
‘/frrk’i 1 E}
# n+k+ # n+k+1 ft
L = L k1 I(=Yy)
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npty — A1 ko — Ao

Fig.4 The 1-handle & 1 the attaching curve « for the 2-handle 1?2, and the bypass arc 8

deyi?,
rl®r? L-Tler (34
#
Fu

where the identification in (3.3) comes from the connected sum formula for 1% (cf. [22,
Sect. 1.8]) and the identification in (3.4) comes from the sutured decomposition along
the product annulus.

Proof The proof is similar to the arguments in [14, Sect. 4], especially the proof of
[14, Lemma 4.3] and the proof of [14, Proposition 1.14]. Although the proofs in [14]
were only carried out for knots inside $3, the same argument essentially works for
rationally null-homologous knots in general 3-manifolds. Here we only sketch the
proofs as follows. We only prove the case involving positive bypasses. The case for
the negative bypasses is similar.

We attach a 1-handle ! to (Y1\N (K1), T'}) U (Y2\N(K>),T'?) so that the two
attaching points of the 1-handles are on the curve (nu; — A1) C F,ll and (kuy — Ap) C
F,% respectively. (For negative bypasses, we attach the 1-handle to (A1 — nu1) and
(A2 — k) accordingly. Note that the orientations of curves are different.) See Fig. 4.
Then we can attach a 2-handle 42 along the curve o which goes through the 1-handle
h! and intersects the suture obtained from attaching the 1-handle twice, as shown in
Fig.4. Define

n,k
C+

,m

+k = Ch2 OChI.
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Here C;2 and Cj,1 are the contact handle attaching maps as introduced by Baldwin—
Sivek in [5]. Pick the bypass arc 8 such that it intersects the curve (Ay — ko) C F,]l
once and its two endpoints are on the curve (nu; — A1) C F,l. See Fig.4. We know
this is a positive bypass (cf. [24]). Attaching a bypass along 8 yields (Y1\N (K1), [',).

Let 1" and h% be the corresponding I-handle and 2-handle attached to
(YI\N (K1), ') U (Y2\N(K>), F,%). Define

k
CQL_:M = Ch2/ o Chl/.

The commutative diagrams (3.2) and (3.3) are straightforward since the bypass arc
and the contact handles are disjoint from each other. See also [14, Diagram (4.4)] and
proof of [14, Proposition 1.14] for more detailed discussions. The proof of (3.4) is
similar to that of [14, Equation (4.6)]: let &’ be the attaching curve of the 2-handle
h* . We can isotope o’ into a suitable position so that this contact 2-handle attachment
corresponds to the one in the construction of the bypass map as in [5]. O

Proof of Proposition 3.4 We only show the proof for d. The proof for d_ is similar.
To construct the differential d, we need to use triangles about positive bypass maps
in (2.1). Suppose m and n are large integers. Consider the following diagram.

wnAl ®Id w7171.1®ld
1 2 +,n+1 1 2 +.n 1 2
s T ®T T, ®T; L ®T =
Nl
vi,el v, el
vt e Yl el
+1.k 1 2 N 1 2 —1Lk
Cen r,®ry Clik r,e®r; CY i
k|# ntk—1.4#
"//"+J l[/
# +.n+k+1 # +.n+k #
R R Ltk D~
J# #
wiJHJ\ wi,l"*’k*l
v v

r# r#
3.5
where the vertical maps from I }L ® F,% to Fﬁ is Ci:ﬁ in Lemma 3.5.

By (3.2) and (3.3) in Lemma 3.5, the squares in (3.5) involving vertical maps
commute. Hence the vertical maps induce a morphism Cy between unrolled exact
couples. This induces a filtered chain map from B* (K1) ® I'? to B (K 1#K>).

Since k is large, from Corollary 3.3, there is a canonical embedding of
KHI(—Y>, K») = l"i into F,% by the inverse of wi’i. By precomposing this embed-
ding, we obtain a filtered chain map from BT (K{) ® Fi to BT (K #K>). Thenby (3.4),
we know this filtered chain map is an identification on the first page. This implies that
it induces an identification on each page and then on the total filtered chain complex.

O
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3.2 The formula for null-homologous knots

In this subsection, we combine Proposition 3.4 and the integral surgery formula to
obtain rational surgery formulae for null-homologous knots. First, we do similar
calculations as in [36, Lemma 7.2].

Lemma 3.6 Suppose K1 C Y1 is a null-homologous knot and K, = Oy;r C Y2 =
L(v, —r). Let (Yy, Kg) be the connected sum of K1 and K, and suppose Ky is framed
by the longitude of K. Suppose (iLe, Ao) is the meridian and the longitude of K, for
o c{1,2,#}. Then

H(Ye\N(K#)) = H (Y1\N(K})).

Moreover, the order of Ky is v and the intersection number 0S4 - Ay is —r, where Sy
is the Seifert surface of Ky.

Proof The knot K is of order 1 and O, /r is of order v. Then
Hi(YI\N(K1)) = Hi(Y1) @ Z(p1) and Hi(Y2\N(K2)) = Z.

We write g1 = w1 and g as the generator of H1(Y>2\N(K>)). Then yur = v - g2 and
Ay =7 - g2. A calculation on the homology shows

Hi (Y§\N (Ky)) = (HI(YI\N(KI)) ® H1(Y2\N(K2))>/(M1, ©2)

= (HI(YI) ® Z{g1, g2>>/(g1 =v-g) (3.6)

= Hi(Y1) @ Z{gs)
= Hi(Y1\N (K1),

where we write g4 as the generator. We also write pr as the projection to the summand
generated by gx. Then

pr(us) = v - gy and pr(As) =71 - gu.

Thus, the knot K4 is of order v and 9S% - Ag = —r. O

Corollary 3.7 Let K, C Y, for e € {1,2,#} be defined as in Lemma 3.6. Suppose

C iljn 4 and C iﬁ are defined as in Lemma 3.5. Then we have explicit formulae of the

grading shifts of the maps as follows.

., n—1 . k=Dv+r
Chh ik <(r,1,z t——)® (TZ,j+ f)>
. . m+k—1Dv+r
c vt jt——o—"). (3.7)

2
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681 &Sl aS2 aS2

Fig.5 The band sum for the case v = 2. The two (green) shaded regions are the two bands

k—Dv+r

ci;ﬁ(wl,i) ® (f,j & ——

)) C(Th v+ ).

(3.8)

Proof First, we compute the grading shift of Ci:ﬁ. From the homology calculation in
Lemma 3.6 and the graded version of (3.1) in [27, Proposition 5.15], we have

Tho= P @)@ ). 3.9)

S1V+82=8§

where we take the direct sum over sjv + 5o = s because g& = v - g1 = g under the
third isomorphism in (3.6). From Lemma 2.4, we know the grading shift of the map
‘/fii is :FW. Then from (3.4), we know the grading shift of Ci;ﬁ is described
in (3.8).

Also from Lemmas 2.4 and 3.6, we know the grading shifts of wiL and Wf'f o
(n+k—2 Dv+r

are :F% and F , respectively. From (3.2) and (3.8), the expected grading

shifts of Cl’fn 4« are described in (3.7). Though in general Witf * are not injective,

we can still obtain (3.7) from the topological construction of Ciljn 4 in the proof
of Lemma 3.5. The proof is similar to the proof of [14, Lemma 4.3] and the only
difference is that now the knot K3 has order v so that a (rational) Seifert surface of the
connected sum knot K1#K> is obtained from one Seifert surface of K, and p copies
of Seifert surfaces of K; by v-many band sums. See Fig.5. O

Then we provide an identification of bent complexes.
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Proposition3.8 Let K, C Y, for e € {1, 2, #} be defined as in Lemma 3.6. Then for
any grading s, there is an identification

A(Ky, s) = A(K1, s),

where s is the unique grading satisfying

v—1
|s—s’v|<T.

Moreover, we have the following commutative diagrams

(K,
A(Ky,5) —F) gy )

+ Ki.s
Ay s T BEK )
Proof From Lemma 3.2, we know (FIZL, §2) is nontrivial only for |s7| < %1, for which
the grading summand is 1-dimensional. Due to the homology result in Lemma 3.6,
we can apply the graded version of (3.1) in (3.9) to show that

Th9H= @ @CLs)® [, 50) =(T),s).

S1U+852=s

Moreover, we have

@(F#, s+ kv) = 69(r1 s+ k).

k>0 k>0

Note that two sides of the isomorphism are underlying spaces of subcomplexes of
BT (K#) and BT (K) since the orders of K4 and K are v and 1, respectively. From
Proposition 3.4, the differentials d on both sides are the same under the isomorphism.
Similarly, we have

Pt s +kv) =P, s +k),

k<0 k<0

and the differentials d_ on both sides are the same. Hence we conclude the identifica-
tion about the bent complex (cf. Definition 2.15). The commutative diagrams follow
immediately. O

Theorem 3.9 Suppose K C Y is a null-homologous knot. Suppose u/v € Q\{0}. For
any grading s, let s’ and s be the unique gradings satisfying

-1 —1
v and |s +u — s"v| < UT

ls —s'v| <

@ Springer



6320 Z.Li,F.Ye

Then there exists an isomorphism
Bup  EDHBY () > P HB (")
SEZ SEL

as the direct sum of isomorphisms

Bups : HBY(s)) > H(B™ ("))

so that

Iﬁ(—Y_u/U(K)) = H(Cone(n_ + Eu/v ont: @H(A(s/)) — @H(B_(S/)))).
SEZ SEZ

Proof The statement is an analog of the rational surgery formula for HF in [36,
Sect. 7.1], where 7~ and E,/, o 7™ are analogs of v and h.Letm = lu/v] and
u/v = m+r/v. Following the strategy at the start of this section, set K1 = K, and let
K> = Oy, to be a core knot in a lens space. Then Y,,/,(K) is obtained by m-surgery
on K4 = K 1#K>. From Theorem 2.16, we know there exists an isomorphism

gy D HBY(Ky,9) > @ HB (K¢, s +mp —q))
SEZ SEZ

preserving the direct summand for each fixed s € Z such that

F(=Y_yp(K)) = H(Cone(n*’# +8h o™ (D H(AKy. ) > D HB™ (Ky, s)))>.
sEL SEL

Note that (p,q) = (v, —r)somp —q = u.
From Proposition 3.8, we replace complexes of Ky with complexes of K to obtain
the rational surgery formula, where &, , is induced by Efn under the identification. O

Remark 3.10 The rational surgery formula for a rationally null-homologous knot is
more complicated but still doable. In such a case, the graded version of Kiinneth
formula is not enough and we need a torsion spin‘-like decomposition for sutured
instanton homology (cf. [31], Remarks 1.4, and 1.6).

4 The 0-surgery for knots in the 3-sphere

In this section, we deal with O-surgery for knots inside S3. Recall that we have

4 ik 2m+22k71
nm’k = q’+,m+2k—1 o w—,m—ﬁ—k . F2m+22k—l — Fm+2k—lv
2m+4-2k—1
ﬂr;,k = \IlT:;lk_"_Zk_l o w+,m2—i-k . F2m+22k—1 — l—‘m+2k—lv
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and nnjf ,i be the restriction of ni ¢ on (F 2m+2k—1, 1 ) For knots inside S3, we have a
, , amiskel

better description of the maps n;tl ,i than in Lemma 2.21.

Lemma 4.1 Suppose K C S3 is a knot. Let t = t;(K) be defined as in Definition
2.26. For any fixed integer m and large enough integer k, we have the following.

1. Wheni > t, nmk =0. Wheni < —t, ﬂr;;c =
2. Whenl<t7t ;éO When i > tn,;’,i;éo
3. When i < —g(K) 7tm,; is an isomorphism. When i > g(K), m,, k is an
isomorphism.
Proof For part (1), we only prove the statement regarding nn‘; - The statement regard-

ing 7, , follows from the symmetry between K and — K, where —K is the orientation
reversal of K. Note that when we switch the orientation of the knot, the tau invariant
remains the same, 7= switches with each other, and the grading induced by the Seifert
surface becomes the additive inverse. Let

2m+2k—1 - 2m+2k—1
Vo ik = b |
—m+k  — YV m+k (r )
2m+2k—1 51
2
We know that
2 2k—1 -
n+z g2k 101#7’"*2 J
+,m—+k —,m+k

From Lemma 2.8 we know

2m+2k—1

lmwﬂﬁkﬁc(m%J+

m+k—1
> .
When £ is large enough so that m + k is large, the map W' + +2k | corresponds to the

composition of (k — 1) many U-actions as in the construction of KHI™ in Definition
2.25. By the definition of t in Definition 2.26, we immediately conclude that

m+k o
lIj-i—,m-‘rzk—l |(Fm+ka]) - 0

whenever j > t + m+§_l . Hence, as a result, we have
+,0
Tk = 0

wheni > 7.
For part (2), again we only prove the statement involving 7 " m.k- BY the definition

of 7, and the correspondence between ¥ + i +2k—1 and U¥~! on KHI ™, we know that
when k is large enough, there exists

m+k—t4+i—1
2

X € (Fm+k—r+is T+
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such that

W (x) #0.

Taking

y =W () € (Tngka i)

we know that

k k—7+i
‘I'?:,J;sz ) = ‘P?,Jnrwzrkﬂ (x) # 0.

2m+2k—1 -
So it remains to show that y € Im(y/_ m2+k ’l). Indeed, from the construction of y we

know that

Yy =0.
Then from Lemma 2.9, we know that

k k
) =y v Gy =0.
Hence by Lemma 2.8 we have

2m+2k—1 i

yeker(y” e ) =TImy_ 2% ")
Part (3) is a restatement of Lemma 2.21, part (3). O

Next we study the 0-surgery for knots inside 3. The main obstruction to applying
the proof of the integral surgery formula in [29, Sect. 3.2] to the O-surgery is that JT,I i

and 7, have the same grading shift. Then

H(Cone(cln;’k + czn;’k))
may depend on the scalars. If either map vanishes, then the homology is still indepen-
dent of the scalars. However, this is not true in general. Fortunately, we can make use
of the Z-grading on / f (Sg (K)) in (1.1). Note that one of the restrictions of n,f cona
single grading vanishes.
Theorem 4.2 (0-surgery formula) Suppose K C S is a knotwith t; (K) < 0. Suppose

A(s), B¥(s) and m%(s) : A(s) — BT (s) are complexes and maps constructed in
Definition 2.15. For any s € Z\{0}, there exists an isomorphism

Eos : H(BT(s)) = H(B™(5))
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such that Iﬁ(—Sg (K), s) is isomorphic to

H(Cone(n(s) + Bosomt(s): H(A(s)) — H(B(s)))).

If t;(K) # 0, then the same result also applies to s = 0.

Proof From Lemma 2.10, we have a long exact sequence

o T AL T o F(=SHK)) = Ty = -
By the same reasoning in Lemma 2.13, we have
Ay =cayy _+ay” . 4.1)
Following the construction of the gradings induced by Seifert surfaces, the maps in the

long exact sequence are all grading-preserving. We consider the following octahedral
diagram that is used in [29, Sect. 3.2].

Y, r

"
v I
! n
/ 1//+,m71
g 1 N “
+m 1+k F2m+2k 1 'H/f—,m—l
- )
v ’ qu% /
m
+1)Z’_ —1
o | - l+k®rm 1+k | .
M m—1+k
r (w—,m—l-ﬁ-k’ m
0 " m—1+k m 142k
Vimtk) —W T
“4.2)
where
/_ pmtk—1 m+k—1
h = W_ 2m+2k—1 1//+ 2m+2k—1 *
’ 2 ’ 2

When m = 0, all maps are homogeneous, so we could consider the diagram grading-
wise. Note that we may not know ¢; = ¢ = 1 in (4.1), but we can add scalars to
other maps to keep the diagram still being commutative. Following the same strategy
in [29, Sect. 3.2], we obtain for any s € Z,

IF(=S3(K),s) = H(Cone(cgrrajf + 0477()_,l}i))

for some scalars c3, c4. ‘ ‘
When 7;(K) < 0, from Lemma 4.1, we know for any i € Z, either 71; Loor g )

vanishes, and hence H (Cone(cyr(;F ,’(i + ¢y ,’{i)) is independent of the scalars. Then
we have
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I*(—S3(K). s) = H(Cone(c3my | + camy i)
= H(Cone(n(f;f + n&,’f))

= H(Cone(7~(s) + Eos o w1 (5))),

where Ey  is constructed similarly to &y, s in Theorem 2.16 for m # 0. O

Remark 4.3 From Lemma 2.27 part (2), we may pass to the mirror knot to satisfy the
assumption 7; < 0 in Theorem 4.2.

Baldwin-Sivek also studied framed instanton homology with a twisted bundle for
0-surgery, which is denoted by 1 Ii(Sg (K), n), where u is the meridian of the knot.
There is also a Z-grading on this homology induced by the Seifert surface and we also
have a long exact sequence

J +J _
T, AV b RCS3(K) ) — T e

such that all maps are grading-preserving (the coefficients ¢} and ¢, may be different
from ¢; and ¢3). Thus, we can use the similar octahedral diagram grading-wise to
prove the result in Theorem 4.2 when replacing I*(—S3(K)) with I*(—S3(K), p).
As aresult, we obtain the following corollary. We also write 1 Ii(—SS (K), u, i) for the
summand of Ij(—Sg (K), i) having grading i.

Corollary 4.4 Suppose K C S is a knot. For any s € Z\{0}, we have

IF(=S3(K), s) = IP(—=S3(K), 1, 5).

5 Surgeries on Borromean knots

In this section, we study surgeries on the connected sums of Borromean knots.

5.1 The Borromean knot

First, we compute the KHI for the Borromean knot. Let T3 = Sl1 X 521 X S31. Let Y be
the result of a O-surgery along Sl1 C T3 with respect to the surface framing induced by
T? = Sl1 X S%. Note ¥ = #2(S! x §?). Let K be the core knot of the 0-surgery, which
is another description of the Borromean knot according to [34, Sect. 9]. The knot K
bounds a genus-one Seifert surface S = 521 X S31\N(Sll). Let u C 0(Y\N(K)) be the
meridian, and let A = 95 C d(Y\N(K)) be the longitude.

Lemma 5.1 We have the following

C lil=1
KHI(Y,K,)={C?> i=0
0 otherwise
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Proof We first figure out KHI(Y, K) = SHI(Y\N(K), I',). Using an annulus to form
an auxiliary surface, we know from [19, Lemma 5.2] that a closure of (Y\N(K), I";,)
can be described as S! x ¥, where X5 is a closed surface of genus 2, obtained by
gluing two once-punctured tori together. From the proof of [19, Lemma 5.2], there is
a pair of simple closed curves &, 8 C X such that & - 8 = 1, the torus S x « is the
distinguishing surface of the closure, and § serves as the w; that specifies the bundle
over S! x %,. By construction,

SHI(Y\N(K), T'y) = Eig(I# (8" x £2), n(py), 2),

where Eig(1#(S' x £,), u(pt), 2) means the generalized eigenspace of w(pt) on
I8(S! x %) with eigenvalue 2.

On the other hand, take 72 = 9(Y \N(K)) and take the Seifert framing of K on
T2 Let M = [0, 1] x T? and let ", be the suture on 9 M which consists of two
meridians on each boundary component of M. We can use an annulus to close up each
boundary component of (M, I';, ;) separately. A construction similar to that of [19,
Lemma 5.2] implies that a closure of (M, T',,.,,) can be described as S x 5, and there
are two pairs of curves o, 8, @, B/ on X suchthata - 8 = 1, &' - B’ = 1, the surface
S! x (¢ U«') is the distinguishing surface of the closure, and 8 U 8’ serves as the wy.
Furthermore, the two pairs (o, 8) and (¢, 8') come from closing up two boundary
components of M, so they are disjoint from each other. We know the following

SHI(M, Ty,,) = Eig(1#%' (5" x £2), u(p), 2).
Since B and B U B’ both represent primitive homology classes on ¥, there is an
orientation-preserving diffeomorphism 4 : ¥, — ¥ such that 2([8]) = [B] + [B].
As aresult, the map & extends to a diffeomorphism between closures and we conclude

SHI(Y\N(K), T';) = SHI(M., T..).

Observe that there is a sutured manifold decomposition

A
(M, y) = (V, 79,
where A = [0,1] x u C M is a product annulus and V = S x D? is a solid
torus with y© consisting of six longitudes of V. From [24, Proposition 1.4] and [19,
Proposition 6.7] we know that
SHI(Y\N(K),T,) = SHI(M, T, ,) = C*.

Now we compute the dimension of each graded part. Since g(K) = 1, we know
KHI(Y, K,i) = 0for |i| > 1. For |i| = 1, since K C Y is fibered (the complement
is 1 x (T?\D?)), we have

KHI(Y, K, 1) ZEKHI(Y, K, —1) =C.
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As a result, we conclude that KHI(Y, K, 0) = C2. ]

On connected sums of §' x 2, the circles S! x {pt} induce nontrivial actions on
the framed instanton homology. In particular, we have the following lemma.

Lemma 5.2 [38, Sect. 7.8] and [12, Theorem 7.16] Suppose Y is the connected sum of
copies of S' x S2. There is a canoniﬁal action of N*Hy(Y) on I*(Y), making I*(Y)
a rank-one free module over A*H{(Y).

Since ¥ = #2S! x $?, Lemma 5.2 implies
I*(Y) = A*H\(Y; C) = Clx1, x2/ (x162 + x2x1, x7, x3) = C(1, x1, x2, x1.x2).

Note on Y we can pick two circles whose p-actions correspond to the multiplication
of x;and xoon'Y = A*H{(—Y; C). We can pick these two circles to be disjoint from
the Borromean knot K. Since the p-action of a circle commutes with all cobordism
maps and all w-actions of surfaces and points, we know that there is an action of
A*H{(=Y; C)on (I'y, i) for any x € QU {u} and any grading i. This makes (I'y, i) a
A*Hy(—Y; C)-module and all bypass maps and surgery maps are module morphisms.
We have the following structure lemma.

Lemma 5.3 Suppose K C Y is the Borromean knot. Then for any integer n > 2, we
have an identification

S ntl

C(x1x2) li| = ”Tl

(C ’ 9 | = i

[y = SHI—Y\N(K), —Tp. i) = | W22 xix) =77
A*H((Y; C) il < 5=

0 otherwise

Proof The structure of I',, for large n is understood by Lemma 2.19 so it suffices to
work out the structures of I'; and I'3. By Lemmas 2.10 and 2.4, there are exact triangles

vis

I %— I'; N—mm—1I43
\ / wiz\
Ly

From Lemma 2.19 part (4), we know that F3 is surjective so
dimI'3 =dimI) +dimY = dim ', + 4.

Since dimI'y, = 4, we know that the last two exact triangles split as well and in
particular, the maps x[/i’ 5 are both injective. From Lemma 2.19 part (4), we know that

(T3,0) =Y = A*H (—Y; C). (5.1)
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Hence from Lemmas 5.1, 2.19 part (2), and 2.4 we know that
1
dim (I'3, £1) = dim <I‘2, iz) = dim (I'3, 0) — dim (F#, :FI) = 3.
Similarly,
. . 3 . .
dim (I';, £2) = dim ( I'y, :I:E =dim (I'3, &1) — dim (F;u 0) =1.

Since the isomorphism in (5.1) is induced by a cobordism map, it is an isomorphism
between modules. We have an injective module morphism

2 1
1ﬂ+)3 I, 5 — (I'3,0).

We have the following claim. O
Claim. There is a unique 3-dimensional submodule inside A*H;(-Y; C).

Proof of Claim Indeed, suppose M C A*H(—Y; C) is a 3-dimensional submodule.
Assume that 1 + a € M, where a is spanned by x1, x2, and x{x,. Then, note that
x1x2 = x1x2(1 +a) € M. Also x;(1 + a) is of the form x| + ¢ - x1x, for some ¢ € C
so we know x; € M and similarly x, € M. As aresult 1 € M so M must be all
of A*H(—Y; C). Hence we conclude that M does not have an element of the form
1 + a so the only possibility is that M = C(x1, x2, x1x2). O

From the claim we know that

1
(F3’ 1) = (FZ, E) = C<xlax25 x1x2>'

From the injectivity of the map y3 5 : (I'2, 3) — (I's, 1) we can conclude similarly
that

3
3,2 = <F2, 5) = C(x1x2).

O

Corollary 5.4 Under the description of Lemma 5.3, the bypass maps between T, and
I'y41 for n = 2 are described as follows.

o Ifi > 0, the map

. . 1
wi,n-q—l (T, £i) — (F”Jrl,l F 5)
is an inclusion or the identity if the domain and the range are the same.
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o Ifi <0, the map

wi’n_‘_l . (Fn, :l:l) —> (Fn+17l F 5)

is the identity.

Moreover, the module structure on I, is trivial, i.e., the module multiplications of x
and x, are both zeros.

Proof Note that all the bypass maps are module morphisms. The description of the
bypass maps is straightforward from the proof of Lemma 5.3. For the module structure
of I'y, we know that (T, 1) = (T, —1) = C so the structure must be zero. Also
from Lemma 2.4 we know

(Tp,0) = H(Cone((C(xlxz) > C{x1, xz,xlxz))>

so the module structure on (F,L, O) is also trivial. O

Using the integral surgery formula Theorem 2.14 and the dual knot formula in [29,
Sect. 3.4], we can compute I¥(—Y_,(K)) and ', for any n € Z (n # 0O for Iﬁ).
Since we will also deal with the connected sum of the Borromean knots, we omit the
calculation here.

5.2 The connected sums

In this subsection, we compute the surgeries along g copies of connected sums of
K C Y. According to [35, Sect. 5.2], these surgeries give rise to nontrivial circle
bundles over X,. Write

K8 =#8K C Y8 = #8Y = #28S! x §2.

Note that the genus of K¢ is exactly g. For the rest of this subsection, for x € ZU {u},
write ' for the suture on Y8\ N (K &) and write I, the corresponding sutured instanton
homology. The connected sum formula (3.1) for instanton knot homology gives rise
to the following.

Corollary 5.5 We have the following

2
dim KHI(Y#, K¢, i) = dim (. /) = < & )
g+1i

Moreover, the module structure of I'y, is trivial.

Note that, from Lemma 5.2, we know that
I(—=Y®) = A*H;(=Y%; C) = C{xy, .. X2 /(X xjx;).
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For any k € [0, 2g] N Z write
Mgk = Span{l'[ljzlx,-j [l>k 1<iy<---<i <2g). (5.2)
Note that
Mago=A"H (=Y4;C)and My,0, =C.

It is straightforward to check that

2g 2g
dim Mgy = Z(k )

j=k

Definition 5.6 Suppose M is a module over A*H;(—Y$; C). We say M is of degree
k > 0 if any monomial of degree at least kK + 1 annihilates M and there exists a
monomial of degree k acting nontrivially on M. We say M is of degree O if the
module structure is trivial.

Lemma 5.7 Suppose A, B, and C are three modules over A*H,(—Y$; C) such that
there is an exact triangle
f

DN

c

where the three maps f, g, and h are all module morphisms. Suppose further that A
is of degree k and C is of degree 0. Then the degree of B is at most k + 1.

A B

Proof Suppose, on the contrary, that B is of degree k + 2. Assume, without loss of
generality, that there exists b € B such that

k+2
<]_[x,) b #0.
j=1

Suppose that g(xx42 - b) # 0. Then xg42 - g(b) = g(xx42 - b) # 0 and this
contradicts the assumption that C is of degree 0. As a result, there exists a € A such
that f(a) = xy42 - b. Then we have

k+1 k+1 k+2
f(l_[xj-a)z(l_[xj>~f(a)=< xj)-b;éO.
j=I

j=1 j=1

As a result, we have
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which contradicts the assumption that .4 has degree at most k. O
Lemma5.8 Forany g > 1, n > 2g, and any grading i, we have the following.

n—1

Mzg,|i\+g—% i} > =5 —¢
(T, 1) EJA*H (Y5, C) il <% —¢g
0 otherwise

Proof Again we only deal with I'; ¢ and I'2 g1.1. We prove this lemma by three claims.
Note that, from Lemma, 2.19 part (4), we have

(T2g41,0) = I%(=Y%) = A*H (-Y5; O).

Also from Lemma 2.19 part (2) we know that (I'2g, i) = (Tog41,i £ %) for +i > 0.
o

Claim 1. Fori > 0, the degree of (Fzg, :I:i) is at most 4% — 1.

Proof of Claim 1 We only deal with (T2, i). The argument for (I'z,, —i) is similar.

First from Lemma 2.19 part (2) we know that (Fzg, ) = (F2g+1, i+ 2) then we
know from Lemma 2.4 that there exists an exact triangle

(T2 1) (Tog41,i — 5) = (Tag,i — 1)

\/

-_M
X 2

Hence we can apply Lemma 5.7 to carry out an induction from the top grading of I'z,

and the fact that I', has degree 0. The starting point is the top grading % for which

we have (Fzg, ‘%) ~ (F/u g) = C. So clearly it has degree 0. O

Claim 2. Fori > 0, we have the following.

dg—1

. . S '2g
dim (T',,, i) = Z ()

=0 7
O

Proof of Claim 1 From Lemma 2.19 part (4) we know that F», is surjective. As a
result, we have

dim [2g41 — dim [y = dim Y8 = 2% = dimT,,.
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Hence the exact triangles

28
Vil
Fn —_— Fn—i—l

N

both split, which means the map Iﬂi‘?z et is injective when restricted to the grading
=i fori > 0. As aresult, we can obtain the claim by induction and applying Corollary
5.5 and the fact

4g 1 2
dim <r2g,igT) = dim (T, ) = 1 = <6g)'
(]

Claim 3. The module M, x is the only submodule of A* H;(—Y#; C) that has degree

at most 2g — k and has dimension
% < k )
Jj=k

The proof of the claim is straightforward. Note that there is a sequence of injective
maps

1
(Fzg, i) — <F2g+1,i — 5) = (Fzg,i — 1) L (F2g+1, 0) = A*H((-Y8;C)

Hence the lemma follows from the above three claims. O
From the proof of the above lemma, we also know the following

Corollary 5.9 Forany g > 1, n > 2g, and grading i, we have the following.
e Ifi >0, the map

. . 1
lp:?:,n—&-l :(Tp, £i) — (Fn+1,l F 5)

is an inclusion or the identity if the domain and the range are the same.
e Ifi <0, the map

Wi,nH Ty, £i) — (Fn+1,z T E)

is the identity.
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Again, based on Lemma 5.8 and Corollary 5.9 and using the integral surgery for-
mula and the dual knot formula in [29, Sect. 3.4], we are able to compute I',, and
I8 (=Y_,(K)) for anyn € Z (n # 0 for I %). Here we only present the computation
for I*(=Y_,(K)).

Proof of Theorem 1.1 The manifold Y;$ is obtained from Y& = #2¢S! x §2 by m-
surgery on the connected sum of the Borromean knot K &. Note that as the Borromean
knot K C #2S' x §2, we also know Y5 (K¢) is diffeomorphic to Y,gm(Kg). So it
suffices to compute Y¥, (K¢) for m > 0.

Since dimI'), = dim Y4, we know that all the differentials in the bent complexes
are trivial. If m > 2g — 1, then the argument follows directly from the large surgery
formula in Proposition 2.22.

For smaller m, we can also use the truncation of the integral surgery formula in
Proposition 2.22 to make the computation easier. Suppose k is large enough. From
Lemma 2.3, 2.8, and 5.8, we know that the following two exact triangles both split.

| F2m+22k—l
\ %521(71
wi.m+k
1—1m—§—k
2m+2k—1

This implies that v m2+k are both surjective. Since

2m+-2k—1

+ _ \gm+tk 2
Tk = Vi gok—1 © Vg ke
we have
+ m+k
Im T = Im ‘I’i,m+2k—1- (5.3)

Note that when |j| < m + g we know that

. ~ 2 ~ .
(F2m+22k—l , ]) >~ Tmg26-1, J) -

The truncation of the integral surgery formula implies the following.

g—1 g—1-3
1 (=Y (K)) = H(Cone(nnf’k Y (F2m+22k71 , j) - (Comt2k—1, j)))
j=l-g j=5+1-g
54
where the map
g—1-m g—1
T +,i —i
Tk = D Tkt D Tl
i=l—g i=l—g+m
Now we compute the image of the map 7. We discuss two different cases. O
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Claim 1. If m =21 — 1 where 1 <[ < g — 1, we have
g—l1
Imnrz;k = @(Mzg j 69 Mzg ])

j=1

where MZg = = My, j is defined as in (5.2) and

.
Mzg j (Fm+2k1, (g -1+ T J)) .

Proofof Claim 1 Forany 5 +1—¢ < j < g — 1 — 7, we have
Im ”rz,k N (Tyt2k—1, j) = Im nn—:”,f_7 U Imnr;,f+2
When £ < 0, we have
Imn’I",{Jrz C Imﬁnﬂflf7
k=1
(53) = Wite 1( (Fn+k, j* T) )
=M_jjlrg-2-
As a result, we conclude that
g—1
Imﬂm k C @(Mzg j @Mzg j)
j=1

To show that this inclusion is an equality, assume that

be @(M%’ J 2g /)

Without loss of generality, we can assume that b € M;er_j C (T'my2k—1, J) for
2

some j > 0. We will prove that b € Im nnfv - By the argument above, there exists
m
ajey € (Pansgir, j +5)
such that
J+ 2 (q

J_,’_m)_b
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Note

+Jj+% -+
Imnmyk C Imnm’k ,

so we can pick

r . 3m
aj_i_%m IS 2m+22k—l,]+7

such that

2 3m s om
—Jjt+7 _ +.j+7
Tk (aj+3%) =T, (ajn).
We can repeat this argument inductively to obtain an element
a :aj_,_% +aj+37m +aj+57"’ +...

such that

k(@) = b.

From Claim 1 and (5.4), we can compute the dimension of I*(—Y_,,(K)) as:

- e1-4
dim I5(=Y_p(K) = Y dim (rzn,+2zk4, j) + Y dim Tzt )
j=1-g j=5+1-¢g
—2-dimImm,) .
g1 j—1
2g
=228 .m + 4. .
ms 22 (5)

Claim 2. Whenm = 2/ for 1 <[ < g — 1, we have

g—1—1

mr, =M1 ® @ M, ;@ M, ),

2g,j
j=1

where /\/litg’j = My, j is defined as in (5.2),

1
Mi,,j C <Fm+2k—1, +(g -1+ >~ j)) , and Mg o1 C (Tymg2k—1,0) .
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The proof of Claim 2 is similar to that of Claim 1. As a result we can compute

(7)

1

i

g—1-1j-1 ) g—Il—
dim (Y (K) =2 m+4. 3 Z( g) 42
i=0

j=1 i=0
5.3 Seifert fibered manifolds

In this subsection, we use the generalized rational surgery in [36, Sect. 10.2] to obtain
the Seifert fibered manifolds by surgeries and then compute the framed instanton
homology.

Following the notation in Sects.3 and 5.2, we denote the connected sum of g
copies of the Borromean knot by K¢ C Y& = #28§! x S, and denote the core
knot in L(v, —r) by Oy/-. Let Ky C Y4 be the connected sum of K¢y := K¢ and

K1 := Oyry» .., Ky == Oy, r,. Then from [36, Sect. 10.2], the m-surgery on Ky
gives the Seifert fibered space over a genus g base orbifold with Seifert invariants
(mvrl/vla -"7rrl/vrl)'

Similar to the calculation in Lemma 3.6, we have

Hi (Y§\N(Ky)) = <H1(Yg) ® (go. &1 m,gn))/(go =v-gifori=1,....n)

where go is the meridian of K¢, g; is the generator of
Hi(L(vi, =r)\N(Oy,/1;)) = Z,

and the meridian of O/, is v; - g;. Suppose

ged(vi,vj) =1fori # je{l,...,n} (5.5)
Let
z v
v:l_[v,‘andvg-zizl_[vi.
i=1 N
Suppose g; = v} - g; fori =1,...,nand go = v - g,. Then we have

H,(Y"\N(K')) = <H1<Yg> Dz g - g,;>>/<g6 =g fori=1,...n

= Hy(Y$) @ Z(gp).
(5.6)
Fore € {0,...,n,#},1letI'8, ", wl’,;ﬂ, wl’;u wi’;, and F,? denote the sutured
instanton homologies, the bypass maps, and the cobordism maps in Lemma 2.10 for
K,. Similar to Proposition 3.8, we have the following identifications of bent complexes.
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Proposition 5.10 Suppose Eq. (5.5) holds. For any grading s, there is an identification
A(Ky, s) = A(Ko, s0) and B*(Ky, s) = B* (Ko, 0),
where s is the unique grading satisfying

v —1 :
3 fori=1,...,n. 5.7

n
s =sov+2sivlf and |s;| <

i=1
Moreover, we have the following commutative diagrams

7 (Ky.s)

A(Ky,s) —————— BE(K4, 5)

+ Ko.s
A(Ko, 50) —— 200 B (K s0)

Proof Frqm Lemma 3.2, since K; fori = 1, ..., n are core knots in lens spaces, we
know (F;L, s;) is nontrivial only for |s;| < ""2_ L for which the grading summand is
1-dimensional. We can apply the graded version of (3.1) in [27, Proposition 5.15] to

show that "
o= H QRui.s. (5.8)

sov+Y iy sivj=s =0

where the direct sum is again from the homology calculation in (5.6).
For any fixed s, suppose there are integers (5o, .. ., 5,) and (s{), .. ., s, satisfying

n n
s = 50U + Zs,-vl{ = syv + E s{v).
i—1 i=1

Then we have

n
(s0 = sp)v + Y (s — 5))v} =0.

i=1

For any j € {1, ..., n}, we have v and vlf are divisible by v; fori # j and v} is not
divisible by v;. Hence we must have s; — s} to be divisible by v;. If

Ui—l
2 b

15,1, 18] <
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then we must have s; = s’.. As a conclusion, for fixed s, there is a unique s satisfying
(5.7). From (5.8), we have

T s) = T, 50).

The remainder of the proof is similar to that of Proposition 3.8. Indeed, there are
no differentials for K4 and Koy, so we do not need to identify differentials in bent
complexes. O

Even though we obtain the identification of the bent complexes as in Proposition
5.10, we still need to use the A* H; (—Y8; C)-action studied in the previous two subsec-
tions to identify B (Ky). Iterating the construction of C l’; 4« in the proof of Lemma
3.5, we can construct maps

ko,ky,..., kn . 10 1 n #
Ci,k0+k1+-~+kn : 1—‘ko ® Fkl Q- ® l—‘k,, - Fk0+k1+--~+k,,' (5.9)
Moreover, we have the commutative diagram

k0.0

Vi1 81 Fiy 1@ @F,
0 1 n kot 0 1 n kot n n f :
Fko®rk1 ®"'®Fk" 1qko+1 ®Fk| ®'”®Fkn &ico I7(=Y1)
ok ook ko+1k] cokn _
Civkl)+k|+~'+kn Ci,k()+k|+m+k,, =
ko+ky 4 +kn # F#
" Vot kg1 +Hn " Ko+ -k 4
L ST— SR I*(—Yy)
(5.10)

Since the construction of the map in (5.9) only involves the neighborhoods of the
knots, the map commutes with the A*H;(—Y$; C)-action and we regard it as a map
between the A*H;(—Y¥; C) modules.

Similar to the computation in Corollary 3.7 (cf. (5.8)), we have

n
koK ...k 0 ko —1 ; (ki — Dv; +r;
Ct othi4-thy (Fko’ S0+ T) ® ) (Fllci’si e

i=1

n n n /
4 (ki = Dv+ X v
C rk0+k1+‘-~+kn’sov + : :Si Vi + 2
i=1

(5.11)
Note that the last sum ) v/r; comes from the fact that the homology class of the
longitude of Ky is the sum of the homology classes r; - g; of the longitudes of K; for
i = 1,..., nunder the isomorphism (5.6).

Proposition 5.11 Suppose Eq. (5.5) holds. For any large enough integer | and any
grading i, the summand (F,f, i) is a module M, ;| over A*H{(—Y8; C) for somel, as
constructed in (5.2). Moreover, the bypass maps

k.# L # . v
wi,k+l : (Fk, i) — (Fk_H,l + E)
are either an inclusion of modules or the identity.
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Proof From [29, Proposition 3.15],if s > g+ ”T_l —kp, then we have an isomorphism
k—Dp—
H(B (> 5)) = (Fk, s+ %)

andifs > —(g + pT_l — kp), then we have an isomorphism

H(B™(<5)) = (rk,s _ %)

where g = g(K#) = g(Ko), (p, q) are defined as in Sect.2.2, and BT (> 5), B7(< 5)
are subcomplexes of BT (s). Hence for k large enough, we can compute (F,f, i) by
B*(K3#) and Lemma 2.19. Note that (p, ¢) = (v, — Y iy viri) for Ky and (p, q) =
(1, 0) for Kog. We only show the computation for the large grading i and the positive
bypass map as follows.

From the identification of B¥ in Proposition 5.10, we know

(k—Dv+ >0 viri

r#,
Ty, s+ >

) = H(BY (K4, > 5)) = H(BY (Ko, > 50))
ko — 1

~ 0
= (Fk()’ 50 + )a
where s = sov + Z?:l S; vl{ with |s;| < U"z_l and s, so satisfy the inequality s, so >

g+ pr1 — kp for their corresponding (p, g). Letk = Y _"_, k;. From Lemma 3.2, we
know

(ki = Dv; +ri

Tk, si + — ) =C
From (5.11), the map Cf{ﬁ,}i/!.’lfﬁn+k,, induces a map from (F,(()O, S0+ kOT_l) to (I'#, s+

k—1 n Iri . . . . . .
M). Since there are no differentials for K¢ and Ky, the triangles involving

wio’k% 41 and lpioz)kﬂ:}ii’ffi K, split and these two maps are injective. From Lemma

2.19, after applying the bypass maps for sufficiently many times k', the restrictions of
maps F, ,2) 4 and F, ,f; Kk e, AT€ isomorphisms. Then the commutativity in (5.10)
implies that

koKt kn 0 ko —1 4 k— Do+ Y0 vr
C+0,k01+k1+~-+kn : (Fko,so + 2 > — (Fk,s + 5 i=1Y

is an isomorphism. Thus, the proposition follows from the computation in Lemma 5.8,
Corollary 5.9, and the commutativity in (5.10). O

Proof of Theorem 1.3 Similar to the proof of Theorem 1.1 in the last subsection, we
apply the integral surgery formula Theorem 2.14 and its truncation Proposition 2.22
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to the connected sum Ky of Borromean knots and core knots in lens spaces. Since
2m+2k+1

there are no differentials for K, again v m2+ ¢ is surjective and

+ _ m—+k
Imm,  =ImW "o .

as in (5.3). Then the dimension of Im nnc’ ¢ in the truncation can be computed from
Proposition 5.11 and the two claims in the proof of Theorem 1.1.

In Heegaard Floer theory, we apply Ozsvdth—Szabd’s integral surgery formula for
ﬁ There is an explicit identification between the Heegaard Floer version of BE(Ky)
in [36, Lemma 10.4] (the lemma is for the plus version, but setting U = 0 gives the
identification for the hat version), which coincides with the identification from the
A*Hj(=Y,; C)-module structure.

Since the integral surgery formulae in instanton and Heegaard Floer theories have
a similar form and we have already shown that the complexes and the maps in the
formulae coincide, the dimensions of 7% and HF for the surgery manifold are the
same. Note that we have to use the dimension over [, forﬁ since [36, Lemma 10.4]
works over [F;. The computations by two claims in the proof of Theorem 1.1 are
independent of the underlying field. O

6 Surgeries on some alternating knots

In this section, we use oriented skein relation and an inductive argument to study
differentials for a special family of alternating knots in S°.

6.1 Knots with torsion order one

In this subsection, we introduce a condition on the differentials that is closely related
to the thin complex in [37, Definition 6]. Inspired by the U map in Definition 2.25,
we have the following definition.

Definition 6.1 Suppose K C Y is a rationally null-homologous knot of order p. For
a large enough integer n, and a grading i, we define the map

U=®", D ol (Twi) > (Tui — p). (6.1)

Lemma 6.2 The following are some basic properties of the map U.
. . (n—)p—g—1
1. The map U is well-defined for any i > g — —5—"—.

2. For any i such that U is defined, there exists an exact triangle

(T, 1) (T, i = p)

:_ (n=Dp—
(- )
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3. We have F,, oU = F,,.

Proof Part (1) follows from Lemma 2.19 part (2). Part (2) follows from Lemmas 2.4
and 2.7. Part (3) follows from Lemmas 2.11 and 2.12 Part (1). m]

From Lemma 6.2 part (1), the map U is well-defined on most of the gradings of
I',. Since n is large, it is enough to focus oni > 0.
From diagram (2.1), the differentials d4 induce

dit =L, oyl 6.2)

on the first pages of corresponding spectral sequences. The definition is independent
of the choice of n due to Lemma 2.7.

Lemma 6.3 Suppose K C Y is a rationally null-homologous knot. The following are
equivalent.
(i) dim H(T, d; +) = dim I*(=Y).
(i) dim H(T',,d; ) = dim I¥(=Y).
(iii) Forlarge enoughn and any element x € (I'y,, i) withi > 0, if there existsk € N
such that U*(x) = 0, then U (x) = 0.
(iv) For large enough n and any grading i > 0, we have

U((F,,, i) N ker F,,) =0.

Proof If we reverse the orientation of the knot, then positive and negative bypasses in
defining the differentials d; + in Eq. (6.2) exchange with each other. As a result, the
two differentials d; 4+ and d;,— also switch with each other. Hence we conclude that
(1) and (ii) are equivalent. The equivalence between (iii) and (iv) follows easily from
Lemma 6.2 Part (3). To show that (i) and (iii) are equivalent, recall that in [27] the
construction of the differentials d involves a series of differentials di, 1 defined as

di+ = w-rll—u °© (\Ijj-,n+k)7] ° wﬁ,n
In [27], we proved that dj 4 is well-defined on ker dx—1,+/Imdi—1 + and
kerdy /Imdy . = I*(—Y)

for any large enough k. For simplicity, we suppose n is large enough. Since Im w_‘:, .
lies in the top few gradings of I',;, by Definition 6.1 the map U is well-defined on
related gradings. Also from Lemma 2.19 we know that y" |, is an isomorphism on
such gradings, so we can rewrite di  as

kK
dk’+=1ﬂ_’:_,#oU oYl .

Now statement (i) is equivalent to the fact that dy, + = O for all K > 2 and it remains
to show that this is equivalent to (iii).

@ Springer



Knot surgery formulae for instanton Floer... 6341

If there exists u € T';, and k > 2 such that d; (1) = 0 for all i < k and
di,+(u) # 0. Then by definition there exists y € I', such that ¥} ,(y) # 0 and

U1(y) = ¢!, (x) # 0. Since by Lemma 6.2
Uk(y) =Uoyk ,(x)=0

we know that (iii) does not hold. Conversely, if there exists x € I',, suchthatx ¢ Im U,
Uk (x) # 0 and U1 (x) = 0 for some k > 1. We know that there exists u € " such
that ¥/, (u) = U*(x) and hence

di+1,+ @) =yl (x) # 0.
Hence we conclude that (i) and (iii) are equivalent. O

Definition 6.4 A knot K C Y has torsion order one if it satisfies any equivalent
statement in Lemma 6.3.

6.2 Commutativity of the first differentials

In this subsection, we prove the commutativity of two first differentials, which will
provide a strong restriction for knots with torsion order one.

Theorem 6.5 For any rationally null-homologous K C Y, we have
di,—ody =diyod, -,

where = means the equation holds up to a scalar.

From [23], there is a gluing map
G :T, ®SHI(—[0,1] x T, —T, U~T},) — T,,.

Here we can identify {0} x T2 with 8(S3\N (K)) and then use the Seifert framing on
8(S3\N (K)) to be the framing on T? as well. Let &: be the product contact structure
on [0, 1] x T2, and

0(E) € SHI(—[0, 1] x T?, =T, U —T,)
be its contact element [6]. Then we know from [23, Theorem 1.1] that
G(—®0(&y)=1d: T, = T'y. (6.3)

We write Y72 = [0, 1] x T2 and take n = 0 in the definition of di,+ in (6.2) for
simplicity. We can view the bypasses, which are originally attached to (S*\ N (K), T s

@ Springer



6342 Z.Li,F.Ye

to be attached to (Y72, 'y, UT,) on the {1} x T2 side instead, and they lead to new
exact triangles

l/‘/U
SHI(— Y2, =T, U ~T) SHI(— Y72, =T, U ~T'p)

M Ijj:]tu

SHI(—Yy2, =T, U—T,)

6.4)
Using these bypass maps, we could construct the map d+ = ‘ﬁi, u© 1//i0 in the
same way as the construction of the maps d; +. We have the following key proposition:

Proposition 6.6 We have
diod (0()) =d_od () #0 € SHI(—[0, 1] x T, =T, U —T,)

Proof of Theorem 6.5 using Proposition 6.6 From the functoriality of gluing maps in
[23, Theorem 1.1], we have two commutative diagrams

1d ®(dy-od_)
T, ® SHI(~Yy2, ~T', U -T,) — > T, ® SHI(~Yy2, =", U —T,,)

dy,4ody, -

Ly Ly

and

1d ®(d_ody)
r,® SHI(-Yz2, -I',U-T,) ——— T, @ SHI(—Y72, —T", U—-T)

dy,—ody 4+

I, Ly

From (6.3), we have G (x ® 0(&5;)) = x. Hence, from the commutative diagrams and
Proposition 6.6, we have

ditody—(x) = G(x@di0d_(0(5:))) = G(x@d—o0d4(0(5x))) = dy,—od +(x).
(6.5)
O

Then we prove Proposition 6.6. First note that c§+ and d_ are both constructed by
bypasses, and contact elements are preserved by the gluing maps as in [23, Theo-
rem 1.1]. As aresult, there are two contact structures £ _ and §_ on (Y72, ', UT")),
which are both obtained from &,; by attaching four bypasses according to dj 4 od; —
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and d;,— o dj 4, respectively, so that

0(E4-) =diod_(0(Ey)) and O(5_y) = d_ 0 dy(0(Es)).
Lemma 6.7 The contact elements 6 (§+_) and 6(§—) are both nonzero.

Proof From (6.5) we know that for any knot K C S3, we have
diyodi—=G(—®0E) anddy _od) 4 = G(— ®0(E4)).

We computed the differentials for the figure-eight knot in [27, Sect. 6], for which we
have d; + odj,— #0and d; _ odj 4+ # 0. Thus the lemma follows. O

Next, to better study the two contact elements, we construct a Z>-grading on
SHI(—Y72, =", U —T',,) as follows. View T? = S! x S'. We call curves that are
isotopic to S' x {pt} and {pt} x S! longitudes and meridians, respectively. Taking a
meridian m on T2, we have an annulus A,, = [0, 1] xm C Y72. We can arrange A, as
a product annulus inside (Y72, '), UT',). The decomposition along A,, yields a solid
torus with the suture being six copies of the longitude. According to [13, Lemma 2.29],
we have
SHI(—Yz2, =T, U —T,) = C*,

Asin [13, Theorem 2.28], the surface A, induces a Z-grading on SHI(—Y72, —I', U
—I",,) such that all six dimensions are supported at grading 0.

For a second surface, we pick a longitude of / of 72 and obtain a second annulus
A; = [0, 1] x . Note that each component of 9 A; intersects the suture I';, twice, so
as in [13, Theorem 2.28], A; induces a Z-grading on SHI(—Y72, —T",, U —I";;) which
is supported at three gradings —1, 0, 1. The decompositions along A; and —A; both
yield a solid torus with sutures being two copies of the longitude. According to [13,
Lemma 2.29], we have

SHI(—Y72, —T'y U =Ty, A;, 1) = SHI(=Y42, -, U =Ty, A, —1) = C.

As a result,
SHI(—Y72, =T, U =T, A4;,0) = C2.

From [13, Sect. 5.1], the surfaces A,, and A; together induce a Zz-grading.

Lemma 6.8 Suppose (M, y) is a balanced sutured manifold and S C M is a properly
embedded surface. Let B C OM be a bypass arc, and let the bypass attachment along
B changes the suture y to y’. Let

¥ : SHI(—M, —y) — SHI(-M, —y")

be the corresponding bypass map. Then  is homogeneous with respect to the grading
induced by S on SHI(—M, —y) and SHI(—M, —y").
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Proof Since f is an arc, we can always perform stabilizations on S in the sense of [24,
Definition 3.1] to make S disjoint from . Then as in the proof of [24, Proposition 5.5],
Y is clearly homogeneous. O

Lemma 6.9 Suppose (M, y) is a balanced sutured manifold and S| and S> are two
admissible surfaces in the sense of [13, Definition 2.26] in (M, y). Let (i, j) denote
the 7*-grading on SHI(M , y) induced by the pair of surfaces (Si, S»). Let

1 1 1 1
io=—-|1S1Nyl— = djo=-1SNy|—= .
io 4|Sl V| 2)((51), and jo 4|Sz 14 2X(Sz)

Suppose (My, y1) is obtained from (M, y) by decomposing along S\, and S) C
(M1, y1) is obtained from Sy by cutting along S1. Suppose (M>, y>) is obtained from
(M, y1) by decomposing along S,. Then we have an isomorphism

SHI(M, y, (io, jo)) = SHI(M3, y2).
Proof By [13, Lemma 2.29], we have
SHI(M, y, S1,i0) = SHI(M1, y1).
Applying this fact again, we conclude that
SHI(M, y, (81, $2), (i0, jo)) = SHI(M3, y2).

]

Next, we want to study a graded version of exact triangle (6.4). First, we want to
figure out the double grading on SHI(—Y72, —I",U—T"¢) and SHI(— Y72, —I",U—~T"1)
induced by the pair of annuli (A;, A,,). For the sutured manifold (—Y;2, —I', U—T),
Aj and A,, eachintersect the suture at two points, so we perform a negative stabilization
in the sense of [24, Definition 3.1] on each of them to obtain two surfaces A; and A,,.
Then the Z-gradings associated to A;” and A, are both supported at grading 0 and 1.

Lemma 6.10 We have
SHI(—Y72, =T, U —Tp) = C*

and the four generators are supported at bi-gradings (0, 0), (0, 1), (1, 0), and (1, 1).

Proof This is a direct application of Lemma 6.9 by looking at the four pairs of surfaces
(—A;, —Am), —Al, A, (A1, —An), and (A, Ap). Note that when dealing with —A;
and —A,,, we need to use a positive stabilization instead, and use the grading shifting
property in [13, Theorem 1.12] to relate the grading induced by AljE and A,j,f. O

For the sutured manifold (—Yz2, —T", U —TI'), the annulus A; intersects the suture
four times, so it induces a Z-grading where all non-vanishing gradings are —1, 0, 1.
The annulus A, intersects the suture twice, so we perform a negative stabilization
as above and use A, to construct a Z-grading on SHI(—Y72, —I';, U —I"1). The
non-vanishing gradings are 0 and 1.
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Lemma 6.11 We have
SHI(—Y72, —T, U —Ty) = C*

and the four generators are supported at bi-gradings (0, —1), (0, 0), (1, 0), and (1, 1).
Proof This is a direct application of Lemma 6.9 by looking at the four pairs of surfaces
(—A;, —Ap), (A1, Ap), (A7, —Ay), and (A7, A,,). Note that when dealing with
—A,;,, we need to use a positive stabilization instead, and use the grading shifting

property in [13, Theorem 1.12] to relate the grading induced by A and A,,. O

Proof of Proposition 6.6 By Lemma 6.8, there is a graded version of (6.4) as follows.

~ 0.3 o)

SHI(—Y72, =T, U =T, (if), j§)) —— SHI(= Y72, =T, U =Ty, (i}, j|)) (6.6)

2 14,(0,0)
Vo T LG
oo

SHI(—Yy2, =T, U—T, (0,0)) *
for some indices (i, j;) and (i{, j). From the above argument, we know that
SHI(—Y72, =T, U =T, (0, 0)) = C2.
From Lemma 6.10, we know that
dim SHI(— Y72, =T, U =T, (iy, jo)) < 1.
From Lemma 6.11, we know that
dim SHI(— Y72, =T, U =T, (i}, j{)) < 1.
Since the three terms fit into an exact triangle as in (6.6), we must have
dim SHI(—Yz2, =T, U =T, (if), jo)) = 1

and the map &i,(()0,0) is surjective. Since we already have the nonvanishing result in

Lemma 6.7, to show that

0+—) =0(E-1),

it suffices to prove that
Pl o (0E-)) = Pk ((0G_4) =0.

For the contact structure £_ ., the image x@ f 0(@(6—4)) = 0 because after attaching
the last bypass to &_ 1, the resulting contact structure admits a Giroux torsion so it has
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vanishing contact element by [27, Sect. 4]. For the contact structure £ _, note that we
have

Pl 0OE) =9l gody od (0(E))
=l o (Il oWk Dol 0P N(OE)
=0

It is finally zero since I/A/i o and I/Afle .. fitinto an exact triangle. O

6.3 Classification of complexes

Suppose K C 3 is a knot of torsion order one (cf. Definition 6.4). From Lemma
6.3, we know d+ = d 4, i.e., differentials in higher pages vanish. Then Theorem
6.5 imposes strong restrictions on the differentials. In this subsection, we prove a
classification theorem for complexes of knots of torsion order one.

Lemma 6.12 Suppose K C S is a knot with torsion order one and

dim T = [[Ax O],
where || -|| is the sum of absolute values of coefficients. Write d+ = d; + for simplicity.
Then, up to changing a basis, the pair (I'y,, dy +d_) is the direct sum of the following

three basic types of complexes, which are called squares for C and staircases for C;.

d

N
aj ayy) <=——ay
d,l ld,
dy
aj) <=——ajs ay_] <—— -
dy
dy d- d_
cC=<=——ma dy
e~ a3 <——a
M’l ld’ 2 - 3 2
d_ d_
d<——5»
dy
@l <—— a2li|+1 ai
+
C Ciforl <0 Ciforl >0

where A is the scalar from Theorem 6.5 that makes the diagram in C commute.

Proof The proof is an adaption of the proof of [37, Lemma 7] to our setup. Note that
the proof in the reference studied spaces with coefficients F», while we deal with
coefficients C here. Theorem 6.5 shows that d4 and d_ commute up to a scalar, so
(dy + d_)? is not necessarily zero if the scalar is not —1. But we can still carry out
the proof similarly.

We now treat (I'y,, d4 + d_) as a purely algebraic object and prove by induction
on the dimension of I';,. Fix a basis of (F w i) for each grading i that is homogeneous
with respect to the Z; homological grading. For a basis element b, we say that there
is an upward arrow from an element a to b if
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d4(a) = A - b + (linear combination of other basis elements)

for some A # 0. To be consistent with the complex in [37, Lemma 7], we use leftward
arrows to represent upward arrows. In particular, w and z arrows correspond to d
and d_ arrows, respectively. Note that if b € (F/u i), then a € (I‘M,i — 1) since
dy+ = d 4+ shifts the Seifert grading by +1. We define downward arrows using d_
similarly.

We start with a basis element by € (FM, —g), where g = g(K). Note that —g is
the minimal nontrivial grading of I';,.
Case 1. There is a downward arrow from a to b for some a € (FM, —g+ 1), 1.€., we
have

d_(a) = Z)»i - b;
i=1

for some basis elements by, . .. b, (possibly n = 1). We change the basis by replacing
{b1,...,by} with {b =37 | X; - bi, by, ..., b,}. Then d_(a) = b. Since b lives in
the minimal nontrivial grading, there is no downward arrow originating at b and no
upward arrow pointing to b. If there are other basis elements with downward arrows
to b, then we can add a to each of them with proper coefficients, so that in the new
basis only a has a downward arrow to b. If there is an upward arrow from &’ to a for
some b’ € (Fﬂ, —g), then d_ o d(b") must have a nonzero coefficient on b, which
contradicts the fact that dy o d+(b") = 0 and the commutativity from Theorem 6.5.
Hence there is no upward arrow pointing to a.

Case 1.1. We have d (b) # 0. We will split off a C summand and hence the induction
applies. Indeed, let d = d (b) # 0 and ¢ = d (a). From Theorem 6.5, we have

d(c)=d_od(a)=dsod_(a) =d.(b) =d #0.

Then Case 1.1 in the proof of [37, Lemma 7] applies verbatim and we can change the
basis to make the following conditions hold:

. ¢ and d are basis elements;

. b is the only basis element with an upward arrow to d;

. c is the only basis element with a downward arrow to d;
. a is the only basis element with an upward arrow c;

. a is the only basis element with a downward arrow to b.

DN AW -

Hence the span of a, b, ¢, d is a C summand.
Case 1.2. We have d; (b) = 0. The grading of b guarantees that b ¢ Im d so

bl #0 € H(Ty,dy) = 1F(=S%) = C.

As aresult, there are no other generators of H(I',, dy). In particular, c = dy(a) #0
since we have already argued that there is no upward arrow to a. Now d_(c) =
d4 od_(b) = 0 by a grading argument and d4 (c) = 0 since di = 0. As in the proof
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of [37, Lemma 7], we can change the basis so that c is a basis element and a is the
only basis element with an upward arrow to c.
Case 1.2.1. There is no downward arrow to c. In this case we can split off the staircase
spanned by a, b, and c.
Case 1.2.2. There is a downward arrow to c. As in the proof of [37, Lemma 7], after
a suitable change of basis, we either eliminate the arrow to ¢ so that we can split off
a staircase spanned by a, b, and ¢, or we can find d such that d_(d) = ¢ and d is the
only basis element with a downward arrow to ¢, and we can repeat the argument in
Case 1.2 to further trace along the staircase.
Case 2. There is no downward arrow to b. We will split off from a staircase. If
d4(b) = 0 we split off the single b. If ¢ = d(b) # 0 we can change the basis to
make ¢ a basis element and b is the only basis element with an upward arrow to c.
As above also know that d(c) = 0 and d_(c) = 0. Note that now [b] is the unique
generator of H (", d_) so we know that there exists d with d_(d) = c. As in the
proof of [37, Lemma 7] we can keep this argument to split off a staircase starting from
b.

In any case we can split off either a square or a staircase hence the induction applies.

(]

Corollary 6.13 Suppose K C S3 is a knot with torsion order one and
dim Iy, = [|[Ag (D)]].

Then the structure of (I'y, dy + d_) is determined by Ak (t) and t;(K).

Proof The proof of [37, Theorem 4] applies verbatim. In particular, there is a unique
staircase C; with [ = 7;(K), i.e.,

ay € (T, —=7/(K)) and az41 € (T, 77(K)) .

The remaining squares can then be fixed by A (¢). m]

Corollary 6.14 Suppose K C S3 is a knot such that K has torsion order one and
dimTI, = [|[Ag@)]].

Suppose further that t;(K) = ©(K) = t. Thenforanyr = p/q € Q\{0} withq > 1,
we have

dim 7%(S3(K)) = dimp, HF(S2(K))

(1Agk I +2[t] =3)-q/2+|p —q - Q|| = D] >0
= HAkOI +2[t[=3)-q/2+|=p—q-Qlzr[-D] <0
(I1AkOII =1 -q/2+1pl t=0.
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\
]

as oo o A2n+1 H

D
/
4
=

Fig.6 The knot K (ay, ..., az+1)

Proof Since 1;(K) = t(K), we know from Lemma 6.13 and [37, Theorem 1.4]
that the differentials in instanton and Heegaard Floer theory have exactly the same
structure. Explicitly, there is one staircase C; and k squares for

_HAg®I =2|z] -1
= 1 :

k

Despite the difference in coefficients, we can apply the large surgery formulae in
[34] and [27] to obtain

dim I%(S1,,(K)) = dimp, HF(S2, (K))

for any large enough n. Explicitly, we have the following.

1. A square C contributes two-dimensional subspaces for both (£n)-surgeries

2. Astaircase C; with! < 0 contributes an n-dimensional subspace for (—n)-surgery
and a (n + 4|!| — 2)-dimensional subspace for +n-surgery.

3. A staircase Cp contributes an n-dimensional subspace for both (£n)-surgeries.

4. A staircase C; with / > O contributes an (n + 4] — 2)-dimensional subspace for
(—n)-surgery and an n-dimensional subspace for +n-surgery.

Note that a figure-eight has one square and a staircase C and the torus knot 7' (2, 2[+1)
has a staircase C; and no square. Then the corollary follows from the dimension
formulae in [7, Theorem 1.1] and [15, Proposition 15] for both instanton and Heegaard
Floer theory. O

6.4 Induction using oriented skein relation

In this subsection, we study differentials for a family of knots K (ay, . . ., ax,+1), where
ai, ..., a1 are the numbers of full-twists as in Fig. 6.
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Fig.7 The knots K, K_ and K|

Proposition 6.15 Suppose K = K(ay, ..., axy+1) witha; > 0. Let
k=#{i]|a > 1}.

If k < n 41, then we have the following.

1. 71(K) = g(K) = n.
2. K has torsion order one (cf. Definition 6.4).

Proof of Theorem 1.5 When a; > O for all i we know that K is an alternating knot.
It follows from [7, Corollary 1.8] and [14, Theorem 1.2] that 7;(K) = t(K) for all
alternating knots. Moreover, by the spectral sequence in [20], we know dimI",, =
||Ak (¢)||. Then Proposition 6.15 and Corollary 6.14 apply. O

We start with some preparation lemmas. Suppose K, C S3 is a knot and § is a
curve circling around a crossing of K as in Fig.7. Write K_ C Sil(a) =~ $3 and
Ko C SS((S) =~ §! x §2. We can discuss the tau invariant for the knot Ko C ' x $2
once we fix an element in 77(—S! x §2). For any * € Q U {u1}, write

['f = SHI(—S*\N(K4), —T) and I'? = SHI(—S" x S2\N(Ko), —Tx)

The bypass maps are written as ¥1")! for e € {+, — 0}. The maps F, Gy, from
surgeries along a meridian of K are defined similarly. For simplicity, we will write
dy fordy ..

Since dim I#(—S! x §2) = 2, we have two effective tau-invariants for the knot K.
To specify choices, first note that there is a surgery exact triangle associated to §:

15(=5%) il 15(=5%) 6.7)
I8(=581 x §%)
Pick @1 # 0 € Im F; then we can define
n—1

Ty (Ko) = max{i |3x € (1Y, i) s.t. FO(x) = a1} — —
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Note that Im Fj is 1-dimensional, so it does not matter what scalar to put on «;. We
pick

ar € I°(=S' x §?)\ Im Fj

such that the value

n—1

To, (Ko) = max{i | 3x € (I%, i) s.t. FO(x) = aa} — 5
takes the maximal value among all possible «5.

Lemma 6.16 For the knots K+, K_, and K, suppose the following.

(i) dimI'} = dim T}, +dim ).
(i) 7/(K-) = 7o, (Ko) — 1.
(iii) The knots K_ and Ko both have torsion order one.

Then K has torsion order one.

Proof The surgery triangle with respect to § gives rise to an exact triangle

G;L\ /FM

0
Ly

Condition (i) implies that G, = 0. Since the surgery maps associated to § commute
with the differentials d} on I'j,, we have a short exact sequence of chain complexes:

0—(T,,d)— ([, d)— (T,,d)—0.

The Zigzag lemma gives rise to an exact triangle

Hs 11«
H(Ty,dp) b H(T}, d) (6.8)
HTY, d)

From condition (iii) we know that HT,, d;) = Cand HTY, d?) 2 C2. So in order
to prove the lemma, it suffices to show that 9, # 0. To do this, let 8 = Gs(a2) #0 €
I%(—S3). Pick n large enough and x~ € (T}, 7/(K-)) such that F, (x~) = f. Take
u- = W;Z (x7), where the first superscript of w;z corresponds to the superscript
of Fff, and the first subscript corresponds to the positve and the negative bypasses. It
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is straightforward to check that d; («™) = O and u~ ¢ Imd; . Then HT,, dy)is

generated by [u™].
Pick x(z) € (Ffl), To, (K O)) such that F,? (x(z)) = op. We have the following diagrams
in which the triangles are exact and the parallelograms are commutative.

Hs Hs
_ : i - : + 6.
r, r; r, r; (6.9)
- 0 - 0
Vi Iy vin v Ty v,
0, 0,
‘//Jr,':L V/Jr,ﬁ
H;s Hs. .
- + - +
Ty T Ty Ty
Gs.u % Gs. Fs.u
0 0
Ty Ty
O

Claim. We have G5 ,(x9) = U(x7).
Proof of Claim Suppose not, i.e., y = Ga’n(xg) — Ux~ #0. Note
Fr(y) =F; 0Gsa(xd) — Fy oU(x™) = Gs(a) — Gs(a) = 0.
Hence the fact that K~ has torsion order one implies that y ¢ Im U. As a result,
V=Y =Yn 0 Gsax?) #0.
From commutativity, we know
Gspuo¥l),(x9) #0
which contradicts the fact that G5, = 0 as implied by Condition (i). O

Now since Ux~ = G(;,n(xg), we know from commutativity that
UoHs,(x")=Hs,oU(x")=0.

Then there exists ™ € T’} such that Hj ,(x™) = 1//1,’2(14*). Take u® = Fs , (u™),
we know from the commutativity that

Y W) = Fs oyt =0.
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As a result, d?(uo) = 0. Also, we know

dif =y oyl twh
=Yy o Hsn(x7)
= Hsu oYy i(x7)
= Hs , (u).

By the construction of d,, we conclude that 8*([140]) = [u~] and we conclude the
proof of the lemma. O

Lemma 6.17 For the knots K4, K_, and Ko, suppose we have the following.

(1) All three knots K_, Ko and K have torsion order one.
(i) Either dim T} = dimI'; +dimTY, or dimT) = dimI'; +dim T}

Then 14, (Ko) = t1(K4).

Proof From Condition (ii) and the zigzag lemma there exist an exact triangle

H(T;.dy) H(}.d) (6.10)
H(TY, d)

Condition (i) implies that H(l";“, dfr) =Cand Fs , « # 0. Take B € 1%(—S3) such
that F5(B1) = ;. Take x™ € (I}, 77(K4)) such that F," (x*) = ;. We know from
the commutativity that

F) o Fs,(B1) = Fso F,l (x) = ai.
Hence by the definition of v we know 74,(Ko) > 77(K4). Suppose 74,(Ko) =
17(Ky) + k for some k > 0. Now take v = WI,’Z(JC+)~ We know that d;" (vF) = 0
and v* ¢ Imd;". So H(I'}, d;") = C is generated by [vT]. Let v = F5 ,(vF), we

know that Fy ,, «([vF]) = [v°].
Pick x? € (rf;, 74, (Ko)) such that F,?(xg) = o1, then we know that

F? <F3,n(x+) — U"@?)) =a; —a; =0.
Since K has torsion order one as in Condition (i), we know that
U(F,g,,,(ﬂ) - U"(x?)) =0.
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As a result, there exists wT € l"ﬂ such that Fs ,(x*) — U*(x)) = wiy’,’f(wo). As a

result, we know that
v = Fs (")

= 1#3,’,2 o Fsn (er)

=y (Fa,n(xﬂ - U"(x?))
=y kW)

=d)(w").

As a result, we know that Fj, Wk([v*]) = [v°] = 0, which contradicts the fact that
Fs .« fits into the exact triangle (6.10) and the fact that Fj , « # 0. ]

Lemma 6.18 For the knots K+, K_, and K, suppose we have the following.

(1) The knots K _ and K 4 both have torsion order one.
(ii) We have dim I, = dim ', 4+ dim I";}

Then we have the following.

1. K has torsion order one.
2. We have t4,(Ko) = 71(K-).

Proof From Condition (ii) and the Zigzag lemma, we have an exact triangle

H(T,.dy) H(TF.d}F) (6.11)
H(TY, dY)

From Condition (i) we know H(T'}}, d]") = H(T'}}, d{") = Csodim H(I'), d¥) < 2.
On the other hand, we know dim H(I'?, d?) > dim I (—S! x §2) = 2. As aresult, we

know dim H (1"0, d?) = 2 which implies that K¢ has torsion order one, Fs , « # 0,
and Gs . + # 0.

Note that all hypotheses of Lemma 6.17 are satisfied so the argument in the proof
of that lemma applies. In particular, we know 4, (Ko) = 77 (K+). We can pick xT e
(C;F, r/(K ™)) such that F,F (x*) = By, and take

) = Fa(h), o) = 927 (), and vt = g (x).
We know from the proof of Lemma 6.17 that Fg,u,*([vﬂ) = [v(l)] # 0.

Pick xg € (l",(l), T, (K)) such that F,?(xg) = oy and take vg = wﬁ’,ﬁ(xg)- It is
straightforward to check that d?(vg) =0and v(z) ¢ Im d?. m]

Claim. The homology H(Y, d?) is generated by [v(l)] and [vg].
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Proof of Claim When v? and vg have different gradings in Fg, the claim follows imme-
diately from the fact that dim H (I'?, d?) =2.1If v? and v(z) have the same grading,

then x? and xg have the same grading in FS, and hence 74, (Ko) = T4, (Ko). In this
case, suppose that there exists complex numbers c1, ¢z, not both zero, and an element
w e Fg such that

cr - 4 e 0) + 2w’ = 0.
Take y° = W%f; (w?), then the above equality is equivalent to
Y (e x) e x8 +3%) =0,
which implies that there exists e (FS, 7o, (Ko) + 1 = 14, (Kp) + 1) such that
cr-xte-d+yrudl=o.

From the construction we know Uy° = 0 hence F,? (y%) = 0. Since the grading of z°
is strictly larger than both 74, (Ko) and 74, (Ko), the choice of @1 and o, implies that
F)(z) = 0. As aresult we have

cl-al—i—cz-az:F,?(cl-x?+62-xg+y0+Uz0)=O.

Thus we must have ¢; = ¢ = 0 and hence [v(l)] and [vg] are linearly independent. O

With the help of the above claim, the proof that 7y, (Ko) = 77 (K_) is similar to the
proof of Lemma 6.17. O

Proof of Proposition 6.15 We use induction on k to prove the following.
(i) The knot K has genus g(K) = n. _
(ii) The coefficient of the term ¢' in Ak (¢) has sign (—1)"*.
(>iii) The knot has torsion order one.
(iv) We have 7;(K) = n.
When k = 0, the knot is the torus knot 7' (2, 2n+ 1), so all the above four statements
hold. Suppose we have proved the above four statements for k. Now we deal with the

case k + 1. Without loss of generality, we can assume that az,+1 > 1 while ay, = 1.
Write

Ki=K(aj,a2,a3,...,ay,1).

We know K = Kg,,,,. Note that K_; = K(ai,az,...,a2,-1) and K1 =
K(ai,...,a, =1, 1), so the inductive hypothesis applies to both K_; and K. Let
8 be a curve circling around the crossing corresponding to az,+1 as shown in Fig. 6.
Then we can take K = K, K_ = K_; and there is a corresponding Ko C S! x S
From [18] we know that

Xer(Ti) = = A (1) and xgr(T))) — xer(T})) = Xer(T).
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Also, since K+ are both alternating knots, we know that
dim T = [ xgr (I,

where || - || denotes the sum of the absolute values of coefficients. Statements (i) and
(i) applied to K4 then imply that

dim T > [[xgr (T
= ||Xgr(F;r) - Xgr(F:)H
= | Xer (T + 1 xer (T
=dimT} +dimT,;

Then it follows from the exact triangle

r, %F"“

W\

that dim F?L = dim F;[ + dimI",/. Then we can apply Lemmas 6.17 and 6.18 to
conclude that Ko has torsion order one, and 74, (Ko) = 7o, (Ko) + 1 = g.

Now for any odd / > 0, we can take K = K;, K_ = K;_», and take K to be the
same knot as the one for K| and K_;. Hence we can apply Lemma 6.3 to inductively
conclude all four statements.

In the statement of Proposition 6.15, we require that k < n-+-1. This extraassumption
is due to our strategy is to cancel two crossings when a>, = 1 and az,+1 = —1. In
particular, in the proof we need ap, = 1 throughout the induction so that we have
enough information to start with to understand larger as,+. This means at the very
beginning we need at least half of @; to be 1. O

7 Twisted whitehead doubles and splicings

The techniques in Sect. 6.4 can also be used to study twisted Whitehead doubles.
Definition 7.1 Suppose V C $3 is an unknotted solid torus. Let K C V be the knot
as shown in Fig. 8. Let i be a non-separating curve on dV bounding a disk in V' and
let A be a non-separating curve on 3V bounding a disk in $3\ V. Let J be a knot in 3

and V atubular neighborhood of J. Let u and A be the meridian and Seifert longitude
of J, respectively. Let

f:f/\<—>S3
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..........................

<

Fig.8 The Whitehead double

be an embedding such that (V) = V, f(A) = wand f(A) = A. Let K = f(K).
Then K is called the positively clasped 7-twist Whitehead double of J, denoted by
D (J).

Remark 7.2 We can also study the negatively clasped Whitehead doubles. Note that
they are the mirror of positively clasped Whitehead doubles as in [16].

Here are some basic properties of K.

Lemma 7.3 [16] Suppose K is the positively clasped t-twist Whitehead double of J.
Then we have the following.

1. The genus of K is one.
2. Ak(M)=—=t- T+ Qt+1)—¢-T7L.

Since the Whitehead doubles all have genus 1, there are only three nontrivial grad-
ings of its KHI to study. Note that the top and bottom gradings are isomorphic to each
other. The following lemma describes the top (and hence the bottom) grading.

Lemma 7.4 Suppose K is the positively clasped t-twist Whitehead double of J. Then
KHI(S®, K, 1) = SHI(S\N(J), T_,).

Proof A genus-one Seifert surface S of K can be drawn as in Fig.9 (inside V). From
the proof of [21, Proposition 7.16], we know that there is an isomorphism

KHI(S?, K, 1) = SHI(S?\[—1, 1] x S, {0} x 35).

As shown in Fig. 9, the sutured manifold (S3\[— 1, 1] x §, {0} x 8§) admits a product
disk D and itis straightforward to check that there is a sutured manifold decomposition

(S3\[—1, 1] x S, {0} x 3S) 2 (S\N(J), T_,).

Note that we can fix the suture as I'_; by counting its intersections with u and A
explicitly. Hence we conclude that

KHI(S®, K, 1) = SHI(S*\[—1, 1] x S, {0} x 85)
= SHI(S*\N (J), T—y).
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Fig. 9 A genus-one Seifert surface S of K. Two sides of the Seifert surface are shaded in red and green.
The blue curve « is a curve on S bounding a disk in V\S. This disk can be viewed as a product disk in the
sutured manifold (SB\[—I, 1] x S, {0} x 385)

Now we compute the tau invariants for the twisted Whitehead doubles.

Lemma 7.5 Suppose K is the positively clasped t-twist Whitehead double of J. Then

o (K) = 1 t<2-7(J))
0 t>22-7y(J)
Proof Write (K;",T,) =  SHI(-S*(K;"),-T,), and(K;",T,,i) =
SHI(—S3(K,"), =T, i). We take the surgery exact triangle along the curve 8. The
maps in the surgery triangle associated to § commute with the 2-handle attachments
along the meridian of the knots, so we have the following diagram, in which the
triangles are exact and the parallelograms are commutative.

Hﬁ,n

(D, (1), T) (D (J), T (7.0

Fiiin (KT, T, Fin

19(=S3)

I%(=S! x §%)

Note that the above diagram works for any n € Z, but we fix a large enough n € Z.
Here KT C S! x §? is obtained from D;'(J) by performing a 0-surgery along 8.
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Note that g(KT) = 1. Also, the knots DtJr (J) depend on the companion knot J,
yet due to the 3-dimensional light bulb theorem we know that KT is independent of
the companion knot J. As a result, we can assume J = U is the unknot to obtain
information about J. When J = U, we know Dar (U) is the unknot and Dfl (U) is
the right-handed trefoil. As a result, we know from Lemmas 6.17 and 6.18 that

7o, (KT) =1, and 74, (KT) = 0.
Note that we also know from [14, Sect. 6] that
(D§(U), Ty, 1) =0and (D, (U),T,, 1) =C.

As a result, we know from the exactness that (K, T, 1) = C. Also, from Lemma
2.28 part (2), we know

dim(J, Ty) =dim(J, T—o.qy ) + I +2- 17 (J)]. (7.2)
As aresult, when r < 27;(J), we know from Lemmas 7.4 and 2.4 that

dim(D} (1), Ty, 1) = dim(D}}, (1), Ty, 1) = dim(D}F (1), Ty, ) — 1

=dim(D;}(J), Ty, 1) — 1.

Hence Fj ,, restricted to (D,+(J), 'y, 1) is nontrivial. Since 74, (K T) = 1 (¢f. Sect.6.2)
and Fj is injective, we know that

Fonlog,oy,r,n #0

which implies that t7 (D;jrl ) =1.
When ¢ > 217(J), we know similarly that

dim(D;, | (J), Ty, 1) =dim(D} (J), Ty, 1) + 1,

so Fy , restricted to (D;r (J), 'y, 1) is trivial and the injectivity of Fs implies that

Finleog, y,rm =0

which means rI(D;Zrl (J)) < 1. To further refine the 77, we can look at the mirrors

of such knots. Taking the mirror corresponding to reversing the orientation of the
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3-manifold so we have a different diagram

(D (J), Tn) ,H(J) Cw)  (7.3)
(K, Ty Friin
Fx,n
I8(—5% s 1*(=$%)
I5(—S' x §%)
As above, we can use the case J/ = U and ¢t = —1 to compute that

7 (K1) =0, and 74, (K1) = —1.
As a result we have F, x.n © Fg n 1s trivial and the injectivity of Fs implies that

Finl G =

which means TI(D,_H(J)) < 1 foranyt € Z. In particular, for r > 2 - 77(J), we must
have TI(D,+1(J)) =0. O

Remark 7.6 Lemma 7.5 answers [7, Question 1.25] affirmatively.

Proof of Theorem 1.7 Part (1) and part (2) are Lemmas 7.4 and 7.5. Part (3) follows
from Lemmas 7.3, 7.5, and Corollary 8.4. O

Proof of Theorem 1.9 Let K be the positively clasped 0-twist Whitehead double of J.
Let L C 3V be a meridian of V as in Fig. 10. The knot S3 1 (K) can be viewed as

the splicing of the complements of the knot J C §3 and the knot L C Si | (K ).

It is well known that the two components of the Whitehead link can be swap[;led S0
Sil (K) is still $3, while the knot L C Sil (K) becomes the knot K. Theorem 1.7

par% (3) applies to compute the (:l:l)—surgernies of the knot K. Then we can apply [7,
Theorem 1.1] after knowing (£1)-surgeries. O

8 Almost L-space knots

In this section, we study almost L-space knots; see (1.2) for the definition. We adopt
the following notations from [27, Definition 5.2]: Let K C $3 be a knot (such that
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SIES

Fig. 10 The two components of a Whitehead double link can be swapped

(p,q) = (1, 0)). Define

. on—1 . on—1
T, = Fn,z—i-T and B, ; =Ty, i — 5 .

By Lemma 2.19 part (2), we know that when n > 2g(K) + 1,

Tni = Tyyr,iand By i = Byyi

We can rewrite the bypass exact triangles in Lemma 2.8 using 7,, ; and B, ; as follows.

Lemma 8.1 Adopting the notations as above, we have the following two bypass exact
triangles:

2n2—l 2n2—l
) Vs, . Von
(1"2,,2,] , l) . T,.i (F2nz—] , l) B,
'/ffr:l,,Z\ A} w”k %1
By—1,i-1 Th-1,i+1

Furthermore, we have the following.

1. ([28, Theorem 1.12] or from the large surgery formula) When n > 2g(K) + 1,
we have

Fes,&NE @ (Tua.i)ec ",
li|<g(K)

2. [27, Proposition 5.5] We have
‘/’jlr;zlfz oyl , 1= Ellfz oyl ,_1=0.
Theorem 8.2 Suppose K C S is an almost L-space knot. Then we have the following.
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1. If g(K) > 2, then dimKHI(S3, K,i) < 1 for any i € Z such that |i| > 1.
Furthermore, the knot K is fibered and strongly quasi-positive.
2. If g(K) = 1, then either K is the figure-eight or 1;(K) = 1 and

0 li| > 1
KHI(S?, K,i) = {C? lil =1
CorC? i=0
3. If g(K) =2, then

0 li| >2
-

KHI(S®, K, i) = 2|f|
CorC= Ji|=1
CorC i=0

Proof Suppose n € N, such that dim Iﬁ( . (K)) = n. From [7, Sect. 2.2], we have
the following exact triangle

I*(S3(K)) 158}, (K))

~

(8%

From the fact that 7%(S%) = C, we know either dim I’i(S3+1(K)) =n+1,
which implies that K is an instanton L-space knot and hence a contradiction, or
dim Iﬁ(S3 +1(K)) = n + 3. Hence, by induction we can assume that n > 2g + 1.

Suppose K is the mirror of K. We have I*(— s3 (K)) Iﬁ(S3 (K)). From now on,
all sutured instanton homologies are for the mirror knot. Applying Lemma 8.1, we
know that

@ (F%, i) ~ 2813,

lil<g

From Lemma 2.28 part (1), we know that

(F@,i) ~ (rz,,;l,—z).
2 2

From [32, Proposition 1.21], we know that

x(Pauca 1)) = (=57 = 1.
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As a result, we conclude that
(r%, i) ~ C when 0 < |i| < g and (rznT,], o) ~ 3,

When g(K) > 2, the argument for the fact that dim KHI(—S3, K, i) < 1 in the
proof of [27, Theorem 5.14] applies verbatim for |i| > 1. In particular, fori = g, we
can apply [27, Lemma 5.7] (withm = g) to conclude that (for the knot K) By ,—1=0.
By Lemma 2.28 part (1), we know that

n—1\ _ n—1
Fnal_g+T = Fnag_l_ ) :Bn,g—IZO-

From [24, Sect. 5], we know that

= —1
@(—S3,K,l—g)é(Fn,l—g+nT):o,

which, implies that 11(1?) = —g as in Definition 2.26. By Lemma 2.27, we know
1(K) =g.
From [21, Proposition 7.16] and [18, Proposition 4.1], the fact that

dimKHI(—$3, K, g(K)) < 1

implies K is fibered. The fibration gives rise to a partial open book decomposition
and hence a contact structure £ on S3. Note that K is strongly quasi-positive if and
only if & is tight on $3. We can perturb K so that K is Lengendrian in (S3, &) and,
furthermore, the knot complement S\ N (K) is obtained by removing a standard tight
contact neighborhood of K from S3. Let & be the restriction of £ on S3\N(K).
Hence 0(S 3\N (K)) is convex with dividing set described by the suture I';,, for some
integer m € Z. We can perform suitable stabilizations to make m > 2g(K) + 1.
In [5], Baldwin-Sivek defined a contact invariant (¢’) € I'y,. By the proof of [10,
Theorem 1.17] and (the conclusion of) [10, Theorem 1.18], we know that

0() #0e (T, g) =C.
We can attach a contact 2-handle along the meridian of K to (S3,T',,) so that the
sutured manifold becomes $3(1), which is a 3-ball with a connected simple closed

curve as the suture. After gluing, the contact structure &’ on (S 3\N (K), I'),) becomes
the restriction of £ on S3(l). So by [5, Theorem 1.2], we have

Fu(0(£") = 0(E|g(yy) € SHI(=S* (1)) = I*(—5%).

where F}, is the map associated to the contact 2-handle attachment. Note that, by [14,
Proposition 3.17] and the fact that 7;(K) = g, we know that

0(&ls3q)) #0
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which implies that £ is tight on $3 by [5, Theorem 1.3]. Hence we conclude that K is
strongly quasi-positive.

To prove the arguments when g(K) < 2, we need to unpack the proof of [27,
Lemma 5.7 and Lemma 5.8]. First, assume g(K) = 1. From the above discussions,
we can pick n > 6 and have

N\ ~ N\ ~ N~ JC lil=1
(Fz”;‘”)z(“"f”)=<“"f”)={@3 im0

From Lemma 2.4 and the definition of 7;,, we know that
n—1\ —
Ty = Fn,l+T = KHI(-S", K, 1).

Assume T,,; = KHI(—S3, K, 1) = C*. Lemma 8.1 leads to the following diagram
where the vertical and horizontal sequences are exact:

(I‘%J)EC

|

Tha = Ck

Bl
‘/wn.nl
2n—3,0 n—1,0
LA L
(rz,,,s , o) =C———=By10———= T2 =CF
2

where the second superscript of the bypass map indicates the grading. Note that, since
(1" w1, 1) = C, the map 1//f”}1_ | s either injective or surjective.

Genus 1, case 1 wf’;_ | is surjective. Then by the exactness B, 10 = Ck=1, From
Lemma 8.1 part (3), we know that l/fi;:;% = 0 so from the exactness we know that
3 = k—1+4k, whichmeans k = 2. Thus, we know that KHI(—S3, K, 1) = C* = C2.
Applying Lemma 2.4, we know that

_ _ )
dim KHI(=S3, K, 0) < dim (I‘,,, 1+ "T> + dim (Fn_1,0+ 1 . ) .

From the definitions of 7;, ; and B, ; and Lemma 2.28, we know that

n—

1
dim (rn,1+ ):dian,l — k=2, and

n—2

—2
dim (1",,_1,0+”T) — dim (r,,_l,— ):dimBn_l,ozk—lzl.
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Hence dim KHI(—S3, K, 0) < 3. From the_ Euler characteristic result in [18, The-
orem 1.1], we know that dim KHI(—S3, K,0) is odd, so it must be either 1 or
3.

It remains to show that 7;(K) = 1 for all such knots. By [24, Sect. 5], if n > 3

then
n—1 _ n—1\
<n, 5 )zck‘<rn, 5 ):c

Note that the last isomorphism follows from Lemma 2.19. Also, there is an exact
triangle by Lemma 6.2 part (2).

12

KHI(-S>, K, 0)

KHI(—S3, K, 0) KHI(-S$3, K, —1)

\/

KHI(—-S3, K, —1) = C?

Hence we know

U|@(—S3,E,0) = O

and hence by the deﬁmtion of 77 and Lemma 2.27 we know 7;(K) = —1;(K) = 1.
Genus 1, case 2 w _ is injective. Then by the exactness B, 1,0 = Ck1, Lemma
8.1 implies another exact triangle

<FM,1> =C
2

n—1,0 \L

Vin
B,_ 10-Ck+1+42> n72,1§Ck4><anT—3,0)§(C3

Lx/r"ﬁé

B,_ 3.0 _(Ck+1

The vertical exactness implies that wf_nz_’g is injective and hence from Lemma 8.1

part (3), we know that wf;nl;oz is zero. Hence from the horizontal exactness we know
k+ 14+ k =3, which means k = 1.

From [18, Proposition 4.1] we know K is fibered. It is well known that there are
only two genus-one fibered knots in $3, namely the trefoil and the figure-eight, among
which the trefoil is an L-space knot. Hence K is the figure-eight.

Finally we study the case of g(K) = 2. First, as in the proof of part (1), since
KHI(—S3, K,2) # 0, we can apply [27, Lemma 5.7] directly with m = 2 and
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conclude that for n > 9, we have KHI(—S3, K, 2) Z T2 = Cand B,—1,1 = 0. Note
that we have

n—1
(Fn+1, -1+ T) = Byy1,1 = Br-1,1 =0.

and hence from Lemmas 2.4 and 2.28 we know

KHI(—$% K, —1) = (T —1)2(r o+u>2<r 0—"_1>
B ’ ’ - JV) - n» 2 - n»

Then the argument above for genus-one almost L-space knots applies verbatim and
we can conclude the following two cases:

Genus 2,case17,; =Cand B,_10 = C2.

Genus 2, case2 7, | = C? and B,_1,0 = C. Note that in both cases from Lemmas
2.4 and 2.28 we know that

_ 1
dim KHI(-$3, K, 0) < dim <r,,, 1+ ”T> + dim (Fn+1,0 T %)

= dim T, | + dim (rn+1 00— g)

= dim Tn,l + dim Bl’l+1,0
= dim Tn,l + dim anl,O
=3.
Hence we conclude the proof of part (3). O

Remark 8.3 For genus-two almost L-space knots, we know
dim KHI(S?, K,2) = 1 and dimKHI(S>, K, 1) = 1 or 2.

Recent techniques developed in [2, 3] can show that dim KHI(S?, K,2) =1 implies
that K = 75 +5, while the case dim KHI(S3, K, 1) = 2 is still open.

The techniques in proving the above lemma can also lead to the following.

Corollary 8.4 Suppose K is a genus-one knot such that Iﬁ(S%(K)) = 2d + 1, then
either

1. dimKHI(S?, K, 1) =d + 1 and t;(K) = 1, or
2. diimKHI(S3, K, 1) = d and 7;(K) < 0.

Proof Note that g(K) = 1 so by [7, Sect. 1.1 and Theorem 1.1], we know that
dim Iu(Sg(K)) = 2d + 3. From Lemma 8.1 we know thatif n > 7,

dim P (r%,i) —2d +3.

—1<i<l
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Lemma 8.1 implies a triangle

(Pui1) (T, 2+ 551)

~.

(Fhr1-32)

From Lemma 2.19 with ¥ = S3, we know that

n—1 n—2
<Fn,2+ 3 )annd <F,,_1,1— 7 >

so we conclude that

12

C

dim (rzT_] 1) — dim (FM, —1) —1.
2
As a result, we have
dim (r%,o) —2d +1.

The argument in the proof of Theorem 8.2 for the case g = 1 applies. The original
setup dim (FMT—I , 0) =~ (3 is the case d = 1. So as in that proof, we have two cases
Case 1. KHI(-S>, K, 1) = T, = CI*! B,_1 0= C% and 1;(K) = 1.

Case 2. KHI(—S3, K, HDET,1 = CA, By_10 = C4+1. Asin the proof of Theorem
8.2, we know

_ —1
KHI(-S$3, K, 0) = (rn_l, 0+ _ ) = B,_1 0= CéH!

and

_ —1
KHI(—S3, K, —1) = (rnl, —14 2 . ) ~C.

From the exact triangle in Lemma 6.2 part (2)

KHI(—$3, K, 0) = C4+! v KHI(—-S$3, K,-1)=C

‘\ /

KHI(-S$3, K, —-1) =

the map U : KHI(—S3, K, 0) — KHI(—S3, K, —1) is surjective and hence t;(K) >
0 which implies that 7; (K) < 0. O
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Corollary 8.5 Suppose K C S is a knot with g(K) > 2. Then
dim 1*(S3(K)) = 5.

Proof Suppose the contrary, that dim / Ii(S? (K)) < 3. Then there are two cases: K is
either an instanton L-space knot or an almost L-space knot. If K is an instanton L-space
knot we can apply the main result in [26] (or [27]) and conclude that dim 7* (Sf (K)) >
5 directly. If K is an almost L-space then from Theorem 8.2 and [14, Theorem 1.2],
we know that the invariant v¥(K) in [7] satisfies

VIK) = 2t8(K) — 1 =21(K) — 1 =2g(K) — 1 > 3.

Then from [7, Theorem 1.1] we know that dim Iﬁ(S?(K)) > 5. O

Corollary 8.6 Suppose K = 15n43s22, then we have 11 (K) = 0 and

0 li| > 1
KHI(S*, K, i)={C2 |i|=1
c  il=0
Proof From [9], we know that g(K) = 1, Ag(t) = 2t — 3 + 271,
and dimg HFK(S3,K,1) = 2. From [30, Corollary 1.4], we know that

dim KHI(S3, K, 1) = 2. From the Euler characteristic result in [18, Theorem 1.1],
we know that dim KHI(S3, K, 1) is either 3 or 5. If it is 3-dimensional, from [27,
Proposition 6.8], we know that either
dim 7*(S3(K)) = 3 or dim I*(S3 (K)) = 3.
However this contradicts Corollary 8.5 and the facts that
SHK) =45 (94) and $° | (K) = £5°(820)
as in the proof of [9, Proposition A1]. As a result, we must have

dimKHI(S?, K, 1) = 5.

O

Proof of Theorem 1.13 We know from [9, 30] that up to mirror K must be one of the
following knots:

52, Dy (J), 15n43500, P(=3,3,2n + ).
Since K = 5; is an alternating knot it follows from [20] that

dim KHI(S?, K) = ||Ax(0)]| =T
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For K = D;(J) or P(—3,3,2n + 1), we know that

Ag () = =2t +5—2t"1.
From [18, Theorem 1.1] we know that

dim KHI(S, K,0) > 5.
From the proof of [27, Proposition 6.3], we know that

dim KHI(S, K,0) <5.
As a result, we have

dim KHI(S?, K,0) =5.

For K = D, (J) or 15143522, we know that

A () =2t =342,

From the above argument we know that
dimKHI(S, K,0) =3 or5.
If dim K HI(S?, K, 0) = 3 then [27, Proposition 6.8] and Corollary 8.4 imply that
77(K) = 1,

which contradicts Corollary 8.6 and Lemma 7.5. O

Proof of Theorem 1.11 Part (1) follows from Theorem 8.2. We prove part (2) as follows.
From Theorem 8.2 part (2), when K is a genus-one almost L-space knot, we have either
KHI(S3, K, 1) = C so that K is the figure eight, or KHI(S>, K, 1) = C?. In the latter
case, we know from Theorem 1.13 that K = 55, is indeed an almost L-space knot
again by [27, Theorem 1.20]. O

Proof of Corollary 1.12 If dim I*(S7(K)) = 3, we know that either K is an L-space
knot or an almost L-space knot. From Corollary 8.5 we know that g(K) = 1. Then
the corollary follows from Theorem 1.11 part (2). O
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